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MATHEMATICAL MODELS OF THE SUGAR END 

KARAGODIN, MICHAEL, Ph.D., The Amalgamated Sugar Company, P.O. Box 87, 
Nampa, Idaho 83653 U.S.A. 

One of the methods to improve and optimize technology and equipment is to use 
mathematical simulation for a process (called engineering models). Two mathematical 
simulation models will be presented today. These models are a vacuum pan model and 
a sugar end model. 

Part I 

Vacuum Pan Model 

1. 	 A dynamic engineering model for the vacuum pan was developed utilizing non-linear 
differential equations and equations for material and energy balances. 

The computer program is able to calculate over 20 output parameters (including crystal 
size and brix of the fillmass) for a specified period of time. It utilizes input parameters 
of the process (brix of the syrup, number of crystals, initial size of the crystals, absolute 
pressure, mass of the charge and apparent purity of the syrup). 

2. 	 Figure 1 shows an example simulating low raw pan boiling. The apparent purity = 
73.5 %, and the DS = 77 %. In 5 hours and 15 minutes, we can boil 65.1 tons of 
fillmass with the brix = 95.6, and the average crystal size = 131 micron. 

_~_I ~~;;_ j~~ j::~1~::! ~~_:! ________________________________ 
TI~£· 1 . 0 'r EM .... "'.}.S . '- 6 1 . 7 SU(' F.; RS . .... 0 , 196 
CRIX M " ' 8 . 9 VI SCOSITY H " 1.'1 11 
KASS 11'" 2 1.5 ....... 55 CR 'l ST . . 0.0 CRYSTAL S'l€ • t o.o
CRYST . VEL.OCITY -0.0000 c: CRY ST . '" 0 
STEAM fLOW -	 71 58.6 SYRUP FLOW - 0 
PVRJn H .7J . 5 TOTA.L S'I'UH ... 0 . 060 
nRJ X F'1~ •• 78.9 \ C'RYST . " 0.00 

OljT ...; 71 S8 a '} 90 

TIME-- 31.0 TEHP.KAS. " 71. J SUPERS._ 1.262 mnx H "85.8 VI SCOS ITY H _ 1. 4 85 
,...ASS H.. 20.1 HA5 5 eRyST. ... 0.0 CRYS'i'"LSIZE; ... 11.6
CR'tST.VELOCI1"Y - O. 07 n C CR'!':;T." 1390.126
ST EAM: FLOW -	 71 58. ~ SYRUP FLOW - 70\6.79
PURITY H -7] .5 TOTA L S'T!Wo(.. 1.790 
BRIX FtLLH . ~8S.' t CRYST.- 0.06 

DATA: 7158 150000 1 1 

T II'IE- 32 .0 T~P.HAS ._1 1. 2 Sl1PERS.- 1.255 
BRI X H - e5 . 5 VISCOS I '!'Y lot _ 1 . ~ 86 
Ml.SS H _ 21.5 H),SS CRYST. - 0 . 1 CRYSTAL SIZE - H. 7
CJWST . V"ELOCITY -0.0699 c: CRYST. _ 6 1S8. -459 
STr..,.t.M FLOW -	 7158.6 SYRUP F LOW .. 151269 . 1 
PUR. ITY 11 - n.5 TOTAL STEAH - 1.8-49 
BRIX FI l.IJ!. -85.S t CRYST. - 0 .29 

CATA: 7158 50000 1 1 

TIHE- 3).0 TD1P.HAS . • 71.0 5llPDS.- 1.220 
eRIX H -.5.4 VI SCOS ITY M .. 1.<191 
1".....55 H" 21.8 KA S:; CRYST. - 0 .2 CRYSTAL S I Z.E " )0.1
CRY5T.VEl,.OC 1'TY - 0.0524 G CRYST . _ I H 7 1.5 
S1'EA..."f n ..ow .. 	 7158 . 6 S'tRt]? FLOW -	 526'6.19 
PURITY .. -11 . 4 TO!AL S'T£AX.. 1.909 
SRI>: FI~.-8S. 6 , CRYST._ o. eo 

DATA: 7158.6 50000 9 60 

T IM &-- ,o. 0 TEXP.H.AS . _ 12. ) SUPERS.- 1.181 
BRIX H -17.4 VISCOSITY I'! • 9 .7 H 
HASS " - 20.' HASs CRYST.- -4 . 1 CRYSTAL SUE .. 71.1 
CP.YST.VELOCITY -0.004) G CRYST." 9161 . 81 9 
ST~ now - 7lSe.6 SYRUP FLOW .. ~842S.26 
PUJU'l'Y " " 67. ' '1'07hL STEAK.. 1.52 0 

8~!~/~l.U{.;7~: ' S 0-490 9 ll~ , CRYST.-16.12 

ii7i:ii~;i~~-----:::~~~~~~:~~~~::--------W;~~:-~~~;~---
t'.ASSt - ]!I, M SS CRYST - 26 2 CRYSTAL SIZE _ pI 3 
CRYST.V ELOC ITY -0 .00 12 t CRYST._ 8554.688 

;~~:~'~"/~!i;. , 19~!.t. STE.\JI( _ IS.H7 £ 'llUlP rt.ow • 0 

eRn fIUJ1 . _" § 	 \. CRYST.-.f.0. 2 J 

Figure 1. 
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The results from this model are very close to the results of the actual process. The 
model can be used as an engineering verification of different process strategies. This is 
done by changing input parameters. For example, by changing the number of crystals, 
we can see how the crystal size and batch time will change. 

As an example, we wanted to determine the effect on crystal size and boiling time 
resulting from addition of a vacuum pan. With the help of the model, we realized we 
needed to increase the number of crystals from 3*1012 to 6*1012 and decrease the steam 
flow by 50%. As a result of this, we would receive approximately the same amount of 
fillmass (63.2 T) with the same brix (95.7), Figure 2. The average crystal size increased 
to 221 microns (by 90 microns) , and the process time increased by 4 hours from 5 hours 
15 minutes to 9 hours 15 minutes. 

~~~1~~~t~~oj~~~l~~~l~P::I ________________________________ 
TIME- 1.0 T01P. 1'1"5. " 61.7 SUPERS." 0.796 
BRIX H -78.9 VISCO S tT V H .. 1.411 

KASS ~ & 2loS KASS Cfl,YS1 ." 0.0 CRYSTA.L SH.E .. 10.0 

CRYST.VELOCI'n -0,0000 C CRVST." 0 

STEAl'! n.~" 7158,6 SYRUP FLOW .. 0 
PURITY K -73.5 TOT"L. ST£.V1 .. 0,060 

BRIX FlLUI'-'8.9 , CRVST . _ 0 00 


DA.TA.: 2386.;Z 0 9 90 

TI1'!E- 12.0 TEJ1 P. KAS . - 'l . J SUPERS ._ 1.170 

BIUX 1'1 "85.8 VISCOSITY H .. L .8~ 


MASS" " 20. . MASS CRV5T._ 0 . 0 
 CRYSTAL SI ZE .. 11 .0 
CRYST . VELOCITY -0.0 78) C CRYST. " 278.1457 
STEAM FLO~ .. 3181.6 SY RUP F LOW .. 830040.05 
PURITV "-n.s TOT1.L STL\M.. 1.816 
BRIX f'ILUt . -eS.9 , CRVST . _ 0.01 

DATA: l18 1 100 000 1 1 

TI" E- 33.0 TDW.""'S. - 71.J SUPERS , _ 1.260 

BRIX " -85.6 VISCOSITY" _ 1.<1085 

""SS " - 21.2 KASS CRYST.- 0 . 0 
 CRYSTAL S LZE" 25 . '" 
CRYST. VELOCITY -0.072 7 C CRYST. - llU.01J 
STfAIoI FLOW - ] 18 1. 6 SYRUP FLO"" - 10792 1. 5 
PURITY ~ -71.5 TOTAL STUJf - 1.843 

BRIX f"ILLK.-S5.6 
 , CRYST.- 0.06 

DATA : Hal 10000 1 1 

TIKE- H. 0 TEMP. KA,S. -71 . 1 SUPERS._ 1.233 
BRIX " -85.6 VISCOSITY K _ l.U4 

MASS K - 21.3 KASS CRYST.- 0 . 0 
 CRYSTAL SIZE - 31.5 
CRYST.VELOCITY -0.0587 C CRYST." 295 1.015 
STEAM FLOW - 3181.6 SYRUP FLOW - 14329 . 86 
PURITY H -71.5 TOTAL STu.H" 1.869 

BRIX FlLIJ1. -8 5.6 , CRYST.- 0.18 


DATA: 1181 40000 1 1 


;r;~- j 5~~-----.------;~ ~~~~ ~:;~ ~;----------~u;D.;~:-~ ~;; ~ --
BRIX K --85.5 VISCOSITY M - 1.490 
KA.SS K oo 21.6 KASS CRyst.- 0.1 CRYSTAL SIZE .. '7.0 
CR'{ST.VELOCITY -0.0620 C CRYST.- 4071.814. 
STEAH FLOW .. Jla1.6 SYRUP FLOW .. 45305.0 5 
PURITY K -73. '" TOTAL STEAM.. 1.896 
BRIX FILUI.-85,6 , CRYST.- 0.33 

DATA: 3181 30000 9 60 

TIME--60 ~0-----------;:;;; ~~;~:; ~~; ----------;;;00 ~:- ~ ~~; ~ --
BR!X H -85.6 VISCOSITY K - 1.916 
MASS H - 21.0 HASS CRYST.- 2.4 CRYSTAL SIZE _ 102.9 
CRYST.VEl..OCITY -0.0123 C CRYST.- 11112.65 
STEAH FLOW - 3181.6 SYRUP FLOW .. 0 
PUJUTY H -70.1 TOTAL STEAX.. 2.559 
BRIX FILLH . -S7.1 , CRYST .-10.CQ 

DATA: 3181 0 9 555 

TiKI:-;;;-Q-----------T;;;;~;..\S~:;~~;----------sU;W::-~:;~~---
BRIX " -92 . S VISCOSITY " -16. 0 00 

~*~~T~V~nY1-0.0~1~S pWST.. 25 1 gWSTAr S Ut .. 221 i 
C CRYST._ S12 1.813 

STEAH FLO" -- 16<10 1 . 5 SYRUP FLOW - 3151. 2'6 
PURITY" - 54.7 TOTAL ST£A.M.. H. 806 
DR-IX FILLK._9S.7 \ CRVST.-)9.72 

Figure 2. 
In developing the conductivity curves for the low raw pan system, we had to determine 
the super-saturation on the intermediate green with different purities at the same 
temperatures. Calculations using the following model gave the needed results. These 
results permitted determination of the proper seeding point conductivity for different 
intermediate green (syrup) purities. 

Many other examples have been evaluated with good results. This engineering model 
of vacuum pan boiling can be helpful in evaluating process improvement. 
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Part II 

Sugar End Model 

1. 	 This model can be used for analyzing different technological schemes and capacity 
changes in the sugar end. 

The model is based on the sugar end material balance and includes all process flows and 
sugar end equipment (Figure 3). 

Figure 3. 

The following input parameters are needed to perform the necessary calculations: Thick 
juice flow to the sugar end, purity and RDS of thin and thick juice, RDS and % crystals 
for the fillmasses, Quentin process sugar losses and non-sugar removal as well as beet 
slice rate. 
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As a result of calculations, you will receive all the output data for the . sugar end 
parameters, starting from the thin juice and finishing with the molasses and low raw 
sugar. This includes the mass, amount of sugar and non-sugars in the products (in 
tons/loo tons beets), sugar content, dry solids and apparent purity (Figure 4). 

II/PUT O... T ... ro~ SUGAR r.J'lo nAu..I"Cl 

Tl~IO; JUICt MASS {I ..... - 2.,' tanl/ lOO l on " u.-It t tl 

THIO; JUice PURI TY" 'I . • 

Tlll 0: J U l et 1l.D~; .. 
 ,t . " 
T'IIIII JlHC[ ItO:> .. 1~.2 


TlU~ JUle[ PURi TY" ".1 

lUl:;ornl~SSI _ 91.2 


'\°6r~~~ST~I~""'~i"~~s " I \ .. CIt!::~l..l..ll."'TrON (F'R<lP1 LCOGLRj·ROS· ... P/100OO 
ROS or F'lLuv,ss 2" 'l, 2 
\ or CJtYSTAU I II ra.uv.s s 2" ~I.' 

ROS or rILI.X..\SS J .. 'S . 2 

ItO:> or CRYSTAUU.atS .. '1 .' 

\ 0,. CJt'(STAI...S 1101 CS\YS'TAU.I lIOItS .. 0 .3 

ROS or oU'rnlATIOH r IWJot.A&s.. tI . • 

1 or CJtYSTALS 1" Al'rHIA'tlOIl rtUJU.U .. 

"5 ROKlV1U. AeRO:!:!; Tt!£ oubfTI ~' S,(STD1 " . o . to ... . / l00 t Ol/l..A ~l" 


~';~r~~';~.~:I:~~~S~~~~i !On;~IOO t.o.... b4e.t l 
roMS cr lIeET.S SLICED I'D OAY .. !ll l0 

Figure 4. 

GI{f.:[/f I P1.mlT\' .. 
ItOS OF G~F.DI I .. 

f) . ~ 

11 . ' 
~~5gf'~::T! .. ~~.: 
~~~ ~~~I~~T1' .. ~~:~" 
RO:; or GRE ~.:JoI 2 .. al. S 
I1R ::VCAR putcITr ~ 9s.1 

~r~~l::"Ko~~~ii : :~:~ 
~ &UGAA PIJRITY .. 9l. 7 

.!I!?I_ ~....!,.I.LL"t.:. 
SUG.AA LOSSLS ('I NSOG rIl..II 011 "l11[ CII.'ISTA.L.S (ll IIATE:P. (ll 

SLOSG R1~ 9.200 I 
SLOS)!"011 ~ '.1'0001 
Su)SGR.~- 4 .'~2 
SLOSCRJ ~ 10.26 

nul'l_ 10.1111 
rUJ'IHWl _ .1 . 01 
rn.ll2-..5.5101 
rn-l't) .. '.]00001 
rllJf Ar_ 6.56) 

\Wnu 1. ' 70715 
\'-'mIl  1.700 , );) 
\ WnO _ 2.1060S1 
\lIno_ ' .I:t~'U 

tu.ss .uc; SOLlDOO 1U1XO I 5C 
1'OI'S/100 TOff5" .nTS '''.ITT 

Figure 5. 


This calculation will also give the amount of crystallized sugar losses in the centrifugal. 
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To evaluate centrifugal behavior, additional input parameters must be provided, including 
purity and RDS of the greens after the centrifugation. Crystal loss through centrifugation 
can then be determined (crystals coming through the screen and melting) as well as non
sugars left on the crystal surface and water used in the centrifugals (Figure 5). From 
these values the new output data is calculated. 

The program also gives the capacity evaluation of equipment. After inputting the 
capacities of the vacuum pans, crystallizers, and dryer into the program, you will receive 
information about the number of pans and centrifugals required for the current thick juice 
flow to the sugar end. 

It also shows how often to drop the pans, crystallizer retention time and the amount of 
granulated sugar that will be produced. 

The engineering model compares favorably to the real data and can be used in different 
ways. 

Example 1: You can analyze the non-sugar recycle (Figure 4 Column 4), which is equal 
to 1.86 - (1.48 + 0.04) = 0.34 T/ IOO T beets or 22.4 %. 

Example 2: You can figure out how much sugar crystals are recovered in the 
centrifugals if you improve the centrifugal behavior or technology (Figure 5). 

Example 3: You would be able to analyze the result of changing the number of vacuum 
pans or centrifugals (Figure 6- for Plant C). Let's say, we are going to increase the 
number of low raw pans from 2 to 3. The program would show that if you did not 
increase the total mass flow of the thick juice, you would have to increase the batch time 
by four hours. And using the math model for the vacuum pans, you will see it will 
increase the average size of the crystal by 90 micron s. This will lead to lower molasses 
purity. 

CJoPACIT~ ,(IIAI.uATIOf( 

1"'''iTT DATA r OR PM, CDrNllru.:;ALS IUfD C MY STAw..llI:RS , 

CAPACIT' ( III TOfI'S): 	 or TM£ Ittl ! '!t: P Mf.. ~6. ';;'? 1 
Ot' TME 111 <: 11 JUt: 1'.o.H. GO .61 70 2 
or 'ftCE LQIoI RA'" rAJ'.. 50.74 )55 
or 11(£ atTS'AU.I2I:R" 29.U1 6 4 

"041 I'VJjT CRl'STALLItCl!: "'ttL at: OP OUITEO" 11 
TlIC Wlil'tt: Cit" c.>.PACITY (1'Oto!S/ftOVR) .. 12. ' 4 

HIGH RJ\W C/r (,",""C ITY .. 6. 012 
~ ftAV elF CAPIICITT .. 2.6 

"rrl""TIO" qr CAP"C JT't .. 1. 05 
Ttl!: c.uo"CITY or TtlE DRIPt CT'<*S/M~I" )5 

""IT!! .. l1 .0 
ItC.'" RAW .. 11.0 
~ ,:",v" 7. 4 

WH t T!! .. 0.75 
NIQl ..... V .. 1.'11 
t.OW IU.W.. l. ~5 

truKBo. 0 '. cOtt'fU~ ~: 

ICKlT!: .. 41.0Ill"'" RAV" 5.0 
~ IUoV" '.0 
IJrIK"TIOH.. 2.0 

atTSTu.LIZD. AVD.I\CI: JU:TtXTIO" Trxt 
ASS1JIU.S 2 MCtntS IltOII1J\£D roll CI.LANllfG !:!'C. 
AVDU.c;E R£l"DfTIO" TO(t (BOUU) "20.5 

'!'OTAL IlOt1RS 1M CIl.TS1'AlLltDUi.. U. 0 

1lUHID; or OIlTERS JU:QUt~.. 1.0 

5"UCU IUOOVD.T "CROSS TIlZ mc.vt DfO .. 111.6 

<ORAJ(OUTQ) SOCAA PFIOOOCm (cvt. / 4_:tJ .. ualo.~ 

Figure 6. 
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Example 4: If you increase the slicing capacity of the plant by 30% (plant A) and use 
the low raw pans with the same batch time (8.3 hours). Then, you would need to 
increase accordingly by 1 the number of white, high raw and low raw pans, and the 
number of centrifuges should be changed by 3 for the low raw and white, by l.5 for high 
raw and by 1 for affination. Number of holding tanks will be increased by 4 (Figure 7 
& 8). 

ea,.11 ..C ITY £VA uu,T100< 
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 l1.107LOW aAW C/f CJ.J' ,l..C1TT ... r ~ ~r 	 IItl cH RAwC/f C'J. P,l..C!T"t ... '.101 
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PA.JI"S/OAY IlI:Q1.Jrll..£O: 

IitI I "rI;" leo 

. I QI IUJII ~ ll.l 

LOI!II L\II •• • 1 
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HIGH IU..... .. l~ . • 

... PAIl DROP OCCURJIIG £VDrt ----_________ MOUltS ~ RA W! ... \l.J 

A PI>JI ORO ;> 0CCt."R.I 1IC rvDY __________ HC(fJlS. 

;m ITt: . 0.7\ 
Ifl ta Il»I .. 1." WH I Tt: .. 0. 1I ~ 
t,QIII ILUI' ... 2.1S HIG!I RA W - 1.51 

~ IIA"III .. 2.\1 

ffU)tBDl.or PAllS I!;QUlJt!D: 
'HT5L1C[O' llXXl 1/<U.1 (lXll) 

IMTTY (1 .2 HOU1tS IlAT'Ol). ," 0 
HIQI ~ (CO MOUJtS v,TOt) ... 1.7 ' .0 
LOW' R4W ( I .lIlOVll$IlATOf) . I.' j:e
LOW' R.UI (ll.0 MIIXia.S IlArot) .. S.l I.' 

~[Jt Of CDlTIUrtICO.AU ~: 

~.:w ... r : ~ wrr~ • 11.6 
lIIGlI IlMII _ 10.1 IILtM 1I;aII" ... ,.0 

-'l truan Olll- . , 0 	 " LOW IU.w .. 11.1 
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A.V!:lV..<:. ! 1ln'DrMc:. ,.-r.u ....." .. I . t flOUlllfG; 't.lnS 
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Figure 7. Figure 8. 
Example 5: These mathematical models could be used for cane sugar production as 
well. If a raw sugar plant has a three boiling system on "magma" and we want it to be 
converted to white sugar production. In this case, the model will help to evaluate how 
to do it, using the same number of vacuum pans and increasing the number of 
centrifugals (Figure 9 & 10). 
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c - ,"'"" .. :\ . U 

~or 'AIf" 1Q!'.IQ{rIR1I:D 1trVNID or PAllS 1IZQU1U::O : 

.. - .,.. 1' ·0 !'tOURS BATOI).. 3: .:1 (4.) ~ N TOtJ ... 
C - f AIl ~10.] IfOUR.S BATOIJ· r . 2 f 9 .2 MOUU &ATOl l ... 

.. - . .... (5.0 ~ u,Tai ) .. 1.0 

~ : ~~ ~ ~ O ~ /=.l"".r~V·.. 2·~.o :::: (~:: = ~~l : g : ~ 1~:! =: :~:g!l : 
)I"'~ r>I or c-!:MTlUrtJG.U..:i JU:QU"IlI.ED: 

.a. -crr _ .., " - el"r ... $.7 


C - cn' .. 

• - CIT ... c-c/, ... 10.4t: ",,"IH"TIQII. l.] 

4 - CI' ''' 4. ' . 
"~EJU.Gt R.EI"OITI~ "tUtl ("IIo\''1S ) ~ .. . o 

VEltTrCAL CR·f5Tl<U.U:lJlS 

Vt:RTIOl. attn'lt.U Jlat 	 S - c/F _ 1.7 

1'OTALKOUR.S"WITlI 1IOLI:IIIIG T~ '" 11.2 A.V l:AA GI: R£Tt:YTIOH TI)IIr. (!fOURS) -:a1.7 

-ItUIO D. or DRU:JlS ~r.ro ... 1.0 TOT.AL HOI,/R!; WITH 1'I0UlHIC T~ _ 21.J 

.sLIC.I.JI IUCOVVl.Y A.~.sJ no:; ~ OlD _ '1.3 In.J!1.II I1 'O f Dlll D S RIX!_:.JI~!X) _ 1.0 

GJUMJ I.AT"tO IOCAA rItO OOC !tl (cvt./day) -llJU.O S lJI;i AIl R"tCQ'.>D!Y .Ac:J!OSS Till: SUGl<R OfD - 7J.2 

r;:RAI-IUUT!X) SlXAR PRQOOCED (C<ltrdG.Y) -1l01l.7 

Figure 9. Figure 10. 
As you can see from these examples, the engineering models presented are powerful 
tools used to analyze and improve beet and cane sugar factories and refineries. 
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