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Breeding for improvement of sugar beets in the past has been
largely confined to the factors of yield and percent sucrose. The
source and extent of experimental and sampling errors associ-
ated with the estimation of these two characters have been
studied by Immer (5)* and Immer and LeClerg (6). Recently
however, new techniques, such as flame spectrophotometry and
paper chromatography, have been developed which can be used
for the determination of many melassigenic substances for mass
operation. Very little information is available regarding the
magnitude of experimental and sampling errors associated with
the use of these new techniques.

The concept of variance components originated with R. A,
Fisher who expressed the additive properties of variances in
the hrst edition of his text “Statistical Methods for Research
Workers” (4). Early development ol variance components as
a working tool was made by Yates and Zacopanay (9). The con-
cept of variance components was used in this study to evaluate
sources of variation contributing to the sampling and experi-
mental errors associated with the determination of raffinose con-
tent in sugar beets by the means of paper chromatography.

Materials and Methods

The materials used in this study were the same as those de-
scribed previously (3). There were four varieties, four repli-
cations and four storage periods arranged in a split plot design.
A rtotal of 35 beets of each variety, in each of the four replica-
cations, were topped and stored in the Rocky Ford, Colorado.
root cellar on October 24, 1955. Seven beets of each variety
within each replication were selected at random and stored
together in crates, or a total of 28 beets per crate. The 16 crates.
one crate per each replication and for four different storage
dates were randomized and stored in the root cellar at a tem-
perature of approximately 4 degrees Centigrade. The remaining
beets, seven roots of each of the four varieties of each replication,
were bulked together in large onion sacks and all four sacks,
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cach containing a single yeplication. were buried in the storage
pile at Manzanola, Colorado, on the evening of October 25, 1955,

After threc weeks the beer samples in the storage pile were
taken out, analyzed and compared with samples stored three
weeks in the rvoot cellar. Beet samples stoved in the root cella
were analyzed at three week intervals. The non-stored check
was in storage one day while the experiment was being set up.

Each beet in the storage test was sampled twice by rasping.
Iach of the two resulting pulp samples was split into halt and
placed in a plastic sack and frozen. When all beets were rasped
the individual samples were taken out of the deep freeze at
random and spotted on Whanman filter paper number 1. De-
termination of raffinose content was similar to the method de-
scribed by Brown (2) and Serro and Brown (8) and the results
are given as percent on dry substance ol the beet juice.

Results and Discussion

Table 1 gives the complete analysis of variance and the ex-
pected values of mean squares according to Anderson and Ban-
crolt (1) for beets stored in the storage pile compared with beets
stored in the root cellar. Variability associated with beets within
plots (a sampling error), rasps trom the same beet (a sub-sampling
error), and determinations (a laboyatory error) can be estimated
from this analysis. Expevimental errors associated with varieties
and storage methods can also be estimated {rom the analysis of
vartance. Fxperimental errors will not be cousidered here how-
ever, since it is the usual procedure to base the required number
of replications upon some lactor {(generally yicld) which is more
variable than a chemical determination.

Table I.——Analysis of Variance and the Expected Mean Sguares of Four Varieties and
Two Diflerent Types of Storage for Raflinose Content Exprossed as Percent on Dry 3ub-

stance.
Source of Variation DLE. M.5. Expecred Mean Squares

Fotal 671

Replications 2 3237 25?7 o bon? 4 2Baet o 28447
Varieties? 3 } + ot 4+ 2802 b St 1686&,
Error & (Ruep. x Var) G 4 deyt o 2Ban¥ 2 BB

Storvage ! + dand b 2802 b B85,
Varictics x Storage 3 gt o don? b 28507 b 846

Error B 8 #2002 4o dan® b 2ot

Beets within plots 144 D650 aa? + 20:2 4 don?

Rasping from same beet 168 4L gat - Lost

Detcrminations 336 0113 o

1 One veplication was lost while removing the beets from the storage pile.
2@, By, and By, refer o the fixed clfects of varieties., storave. and varicty by storaze
interaction, respectively.
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Estimates of the components of variance associated with de-
terminations (o4*), raspings (o,*) and beets (¢,°) were computed
from the expected mean squares of Table 1.

(1) as® = .0113

(2. iima® = 120 ke 2DN41
Eu,‘—’ = 0141 — u’d2

o2 = 0141 — .0113
4 9
rrrg = .0014
(“5) tr.l2 + Qur"’ -+ 4:!1,3 = 0650
4,2 = 0650 — (m; + 2¢,%)
o2 - 0650 — 0141
4
0'1,2 = .Ul??

Since the sampling scheme for raffinose determination in-
volved the random selection of seven beets per plot, two rasp-
ings per beet and two determinations per rasping, the variance
of a sample mean on a per determination basis was the mean
square for beets within plots divided by the total number of
determinations per plot. Also since variance components have
additive properties, the variance of a sample mean can be
equated to the variance components associated with beets, rasp-
ings and determinations. Therefore

W sieiggial ot A0 Gt
brd br b
= 0113 4 .0014 - .0127
e . Z
= ,00232
where V, is the variance of a sample mean and b, r, and d refer
to the number of beets, raspings, and determinations respectively.

Table 2 shows the value of the estimated variance and the
percent of the total sampling variability attributed to each of
the various components under study.

Table 2.—Estimates of Variance Components Associated with Field Sampling of Beets
for Raffinose Determination.

Variance Components Value Percent
Determinations (oa?) 0113 44.5
Raspings (art) 0014 5.5
Beets (an2) 0127 50.0
Total? 0254 100.0

1 Does not include plot variability for either main plots or sub-plots.
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The component which exhibited the greatest portion of the
total sampling variability was associated with beets within plots.
This was to be expected as the varieties used in this investigation
were extremely heterozygous. Also, the seven beets were selected
at random from each plot allowing for the possible effect of some
intra-plot soil variation. The only other component of signific-
ance was that associated with the laboratory determinations. This
may be interpreted as the failure of the laboratory technique
to be completely reproducible.

The analysis of variance and expected values of mean squares
for the second phase of the investigation are shown in Table 3.
Again only the sampling variability is of particular interest The
sampling scheme for the second phase was identical to that of
the first phase although many more plots were involved.

Table 3.—Analysis of Variance and the Exvected Mean Sauares of Four Varicties and
Four Different Storage Dates for Raffinose Content Exnoressed as Percent on Dry Substance.

Source of Variation D.F. M.S. Expected Mean Squares
Total 1791

Replications 3 .BR49 od* + 2o¢? + dov¥ 4+ 2877 4 44807
Varieties 3 4.6281 gu® + 202 4+ don® -+ 2R7-® - 112022 - 4480,
Error A (Rep. x Var.) 9 2872 aa® + 2002 4+ 4ot L 2872+ 112042
Storage 5 6.7044 aa® + 2o¢f 4 do? + 2877 4 44804
Varieties x Storaze 9 .2812 ga® = 202 -k d4gn? 4 28727 L 1128w
Error B 36 1082 ga® + 2o¢? 4+ 4?4 28Boe?

Beets within nlots 384 1156 aga? + 202 4 4an?

Rasping from same beet 448 N347 ga? 4 2o¢°

Determinations 896 .0149 oa?

18y, By, and Bvs refer to the fixed effects of varieties, storage. and variety by storage

interaction, respectively.

Estimates of the variance components, computed as previously
shown, and the percent of the total sampling variability attributed
to each are listed in Table 4.

Table 4.—Estimates of Variance Components Associated with Field Sampling of Beets
for Raffinose Determination.

Variance Components Value Percent
Determinations (oa®) 0149 33.1
Raspings {oe?) 0009 22.0
Beets (ov?) 0202 44.9
Totalt 0450 100.0

' Does not include plot variability for either main plots or sub-plots.
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Again the greatest variance was from beets within plots which
contributed about 459 of the total sampling error. Following
it was the component for laboratory determinations. Although
the component of variance associated with the raspings was some-
what larger in this case, contributing 22 percent of the total
sampling error, it was not significant at the .05 level of probability.

The variance of a sample mean for this phase was estimated
as follows:

Vi = 0 + o + o’
brd br b
= 0149 + 0099 + 0202
28 14 7
= .00413

The variance of a sample mean can be reduced to any value
desirable by merely increasing the sampling intensity. Disre-
garding cost the most efficient method of reducing the variance
ot a sample mean would be to increase the number of beets per
plot. Not only was the beet-to-beet variability the greatest of
the three sampling components, but the number of beets appeared
in the denominator of all three components.

It was also apparent that it was unnecessary to rasp each beet
more than once. Therefore, if one should double the number
of beets per plot, rasp each beet once and run duplicate deter-
minations, the total number of chemical determinations would
be the same as before. The variance of a sample mean, however,
would be as follows:

V. = 0149 4+ 0099 + .0202
28 14 14
== 00268

This would reduce the variance of a sample mean 35 per-
cent without requiring any additional chemical determinations.
Considering the same sampling pattern for the first phase of the
experiment the variance would have been .00141, a reduction
of 39 percent.

A primary objective in the statistical design of such a sampling
procedure is to mininize the cost of obtaining the sample esti-
mate if the desired degree of precision is fixed, or conversely.
to maximize the precision of the estimate obtained from a given
amount of expenditure including personnel, time and equip-
ment. If the cost per sampling unit is known or can be accurately
estimated, and if the cost is proportional to the number of units
sampled at each level, the optimum allocation of the sampling
units can be determined. Marcuse (7) has developed cost func-
tions for a three stage sampling pattern such as the one de-
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scribed in this paper. Therefore the optimum allocation of
sampling units for a minimum cost subject to the constraint that
the allowable amount of variance is preassigned is as follows:

where v is the preassigned variance, oy, o, and oy are the standard
deviations associated with beets, raspings, and determinations
respectively; and ¢, ¢, and ¢; are the unit costs for beets, rasp-
ings, and determinations respectively.

Likewise Marcuse (7) has shown that the optimum alloca-
tion when the total amount of cost is fixed is:

L 'SW

- (Vo) Vo

o C

i=bh,rd
! — e v Ch
Fh Cr
4’ — Ll Cr
o Ca

where c is the total allowable cost and the other notations are the
same as above.

Cost information for the sampling procedure of these ex-
periments was obtained from actual expenditures for labor and
materials. (Expenditures such as capital outlay, taxes, etc. were
not included). The cost per beet for harvesting, labeling and
storing was approximately twenty cents ($0.20). The cost for
a single rasping was determined to be about ten cents ($0.10).
The cost per single determination of raffinose including calcula-
tions necessary to obtain a proper value based on dry substance
was approximately twenty cents ($0.20).

Since the sampling procedures for both of the experiments
reported in this paper were identical, the best available estimates
of the variance components were the weighted averages of the
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components from the two experiments.

495

The proper weighing

factor was the degrees of freedom associated with each component.

Therefore estimates of the variance components for the three

sampling stages are:

sg® = .0139" (55 = .1179)
52 =.0076 (s, = .0872)
s = 0182 (s, = .1349)

Using these estimates along with the cost information that
ca = .20, ¢, = .10, and ¢, = .20 optimum allocation of sampling
units can be obtained. Assuming that a variance of a sample
mean of .0025 (s, — .05) will provide adequate precision, the

sampling units for each stage were computed as follows:

2 (si \/Ei)

%3]

hi it SO L g
v \/‘-u_
1849 | (.1349) (4472) + (.0872) (.3162) 4 (.1179) (447
.0025 4472
- %40] [ 1406 ]
0025 4479
01897
T 00YY2
= 16.9
P s| Ch
0872 ] 4472 ]
1349 3162
03900
= 04266
— 091
L Sd Cy
[ 1170] [ 3162
0872 4472
03728
.03900

0.96
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Obviously, the sampling units must be whole numbers. There-
fore, the optimum sampling procedure is 17 beets per plot, one
rasping per beet, and one chemical determination per rasping.
This would be accomplished at a total cost of $8.50 per plot
which is minimum for these conditions.

Under some conditions it would be desirable to determine
the optimum sampling scheme for a fixed cost. Suppose it has
been determined that sampling costs must not exceed $5.00
per plot.

Computations for oplltnum allocations of sampling units
which will provide a minimum variance were as follows:

B o e SO .
E (siV/ @) Ve
i=hrd
Lz[mmn____"_ﬂ 1349 ___|| 300
(.1349) (.4472) + (.0872) (.3162) + (.1179) (.4472)]] 4472
o [.1349_] 5.00 ]
| .1406 4472
_ 6745
— .0629
= 107
- _Sr Cn

.0872 ] 4472
1849 3162

o 209990
— 04266
= 041

d” - "«T_ -\/ Cr
#[ 11.«0] [ %169]
— L0872 ) | 4472

03728
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Again each of the samplmg intensities must be rounded to
a whole number. Since r” and d” must be rounded to one, it
was necessary to round b” to 10 in order to satisfy the require-
ment that the cost not exceed $5.00 per plot. The minimum
variance for this sampling pattern is .0040.

It is worthy of note that, except for the first level (beets),
the optimum combination of the number of sampling units is
independent of the given degree of precision or the fixed total
cost. Therefore, when planning an experiment using nested
sampling in three stages one needs to be concerned with the
given cost or precision only in selecting the number of primary
sampling units.

Summary

The concept of variance components was used to evaluatc
sources of variation contributing to sampling errors associated
with the determination of raflinose content in sugar beets by
means ol paper chromatcgraphy. Two experiments were in-
volved, each of which utilized identical three stage nested
sampling procedures. Weighted averages of the estimated com-
ponents of variance were .0182, 0076, and .0139 for beets, rasp-
ings, and chemical detcrminations respectively.

Actual costs were determined to be twenty cents ($0.20) per
beet, ten cents ($0.10) per rasping, and twenty cents ($0.20)
per chemical determination. Using cost Functions developed by
Marcuse (7) the optimum allocations of sampling units for a
preassigned variance of .0025 is 17 beets per plot, one rasping
per bect and one chemical determination per rasping. The total
cost resulting from this sampling procedure is $8.50 per plot.
Assuming that the total cost per plot must not exceed $5.00 the
optimum allocation of sampling units is 10 beets, one rasping,
and one determination. The variancc of the sample mean would
then be .0040.
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