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Following suggestions and leads in papers by Powers e t al. 
(4) 1 and Payne et al. (3) , it ,vas decided to· investigate the re­
la tionships of each of four yield characters with five thin juice 
chemical characters in sugar beets (Beta vulgaris L.). The four 
yield characters considered were weight per root, percentage 
sucrose, percentage apparent thin juice purity and gross sugar 
per root. The five thin juice chemical characters considered were 
potassium, glutamic acid, sodium, betaine and total nitrogen. 
The purpose of this study was to investigate methods of describ­
ing the mu tual response of these four yield characters and the 
five thin juice chemical characters within populations of sugar 
beets as they are affected by their environment and hom this 
response estimate values for the thin juice chemical characters 
at which the yield characters are maximized. One direct appli­
cation is increased objectivity in the decision-making of manage­
ment and cultural practice. The variability studied is primarily 
environmental, involving differences between replications within 
populations. The variability in each population is treated in a 
separate analysis. This permits the measurement and establish­
ment of environmental relationships within populations, un­
affected by genetic differences between populations. 

Materials and Methods 
The four yield characters are considered as dependent vari­

ables in this study and are designated as follows: weight per 
root in pounds (Y,) , percentage sucrose (Y2) , percentage apparent 
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purity (Ya) and gross weight of sugar per root in pounds (Y.). 
The thin juice chemical characters are considered as independent 
variables and are designated as follows: potassium (X,), glutamic 
acid (X2) , sodium (Xs) , betaine (X4) and total nitrogen (X5)' 
Glutamic acid, betaine and total nitrogen are expressed in milli­
grams per 100 milliliters of thin juice equated to a refractive dry 
substance of ten. Sodium and potassium are expressed in parts 
per million. Gross sugar per root is the product of Y, and Y2 • 

The design and details of the experiment have been discussed 
in other papers on these data, particularly Powers et al. (4). 
Briefly, the experiment consisted of six populations (tbree seg· 
regating and three non·segregating), two nitrogen fertility levels 
and 40 replications ,·vithin each treatment. In the final analyses 
the nitrogen fertility levels were pooled, resulting in 80 replica­
tions per population. The experiment was conducted in 1956. 
/\s regards the populations, A54-1 is a commercial variety; A54­
[BB is a genetically broad-based population resulting from the 
use of A54-1 as a female parent with 22 pollinators ; 50-406BB 
vvas developed in the same manner, witb the use of inbred 50-406 
as tbe female parent; 30-406 and 52-307 are inbreds; and the FJ 
hybrid resulted from crossing tbese two inbreds. The entire ex­
perimental area received a uniform application of 250 pounds 
of P2 0 ;. per acre prior to planting. The fertilized treatment ye­
ceived two 100-pound applications of nitrogen, one prior to 
planting and the other about 75 days after planting. Residual 
nitrogen was considered to be fairly high, and tbe results indicate 
a definite nitrogen gradient down the field in the direction of 
irrigation water flow. 

The IO-foot single-row plots were bordered by a common 
competitor to provide uniform competition. Spacings were 22 
inches between rows and about 10 inches between plants within 
rows. Data were taken on eight ·plants per plot at harvest. The 
stands were nearly perfect. Only three observations on certain 
characters were not availahle in the entire experiment [see Dudley 
and Powers (1)]; in tbese cases the mean of the remaining seven 
was inserted for the missing' value to simplify analyses on plot 
totals. 

Regression Equations 
\ ...In this study five regression equations are used to attempt a 

description of the dependent characters Yh in terms of polynomial 
equations in the independent characters Xi on an "among-plot" 
basis. The variation among plots for a single population is 
mostly environmen tal; i.e., the expected valne of the among plots 
mean square is (rrl/ + (J ,,2 + 8(]'p' 2) where rrp2 (the variance among 
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plots) is large relative to url and Up2 because of the wide range 
of environments for the 80 plots [see Po"wers et a1. (4)J and 
U[l2 (the variance among plants within a plot) is abou t the same 
size as ug

2 (the total genetic variance in the population). The 
variance within plots is about half genetic variance, Ug 

2 
, and 

about half environmental variance, u p 
2 

• Hence, for management 
and cultural practices guides, a study of the regression equations 
for plot totals will yield the desired information. The fact that 
certain of the independent variables can be regulated, both 
through breeding and cultural practice, has been amply dem­
onstrated. Since this is so, it would be desirable to have an 
estimate of: the values of the independent variables, X;, yielding 
maximum values for the dependent variables, Yb . 

A.lthough it is rather improbable that the selected regression 
equations represent the true relationship between the independent 
and dependenL variables, it was believed that at least one of the 
regression equations would be a good approximation and would 
result in usable estimates of the threshold values for independent 
variables (points at which each of the dependent variables is 
maximized). 

The computational procedures for the regression equations 
involved ordinary multiple regression analysis. High speed com­
puters were utilized to obtain the desired computations. Existing 
programs were adapted to the needs of the study.- The six regTession efJuations cons idered were: 

5 5 
a" -I- :s b,,;Xij -I- ~ l,,;X;/ + Ehj 

i = I i - I 

5 
"S lh;Xij" + Eh; 

i J 

5 ) 5 
Y"j -- ahT :s bJ1;X;j 1 ::E Ch;Xij2 + :s dJ11XI.i" + Ehj 1 ~ 1 

i " 1 i =I i =I 

5 5 5 
Yhj = ~ bhiXjj + ~ CJli X jj2 + "S dh;Xij :; -:" Ellj [41 
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5 5 
log-eYhj = rth + :s b l1 ;!ogeX ij + "S ChiX ii -1 - Ell; r51 

i = I i = J 

5 5 
10geYhj = ~ bhilogeX;j + ::E Ch;X;i Eh .i [fil

i = 1 "i=1 

III 

121 
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Equations [1] through [6] w'ill hereafter be referred to as models 
1 through 6. Models 1, 2, 3, and 4 are standard polynomial re­
gression equations, with models 2 and 4 passing through the 
origin. Models 5 and 6 result when the functional relationship 
between Yh and Xi is of the form: 

5 blJ 

Yh.i - ah7T X C Ch ' X 1l + Eh.1 [7]U 
i=l 

where e is the Naperian base 2.71828· •• , and its .exponent is 
ChiX\j + fh j . Equation r7] implies a multiplicative relation be­
tween the Xi and a polynomial relation of XI to 10g-eYIl' (The 
llse or log, o instead of loge is permissible since this involves multi­
plication of both sides of models 5 ;md f) by a constant.) All b hl 
are inherently positive and all Chi are inherently negative in 
models 2 and 4. Also, all Xii arxpositive values. 

Estimated threshold values, Xli;' are obtained by taking the 
derivatives of each regression ",equation, setting' the derivative 
equal to zero, and solving for Xlii in terms of the ~stimated re­
gression coefficients for each value of hand i. The Xlii values for 
the six regression models are: 

... 
Models 1 and 2: Xli! = -bhJ2chl [8] 

,... -Chi± 2hl - 4bhidhlModels 3 and 4: Xlii V C [9]
2dhl 

"'­
Models 5 and 6: X hl = -bhi/chl [10] 

The appropriate root in equation f9] has to be a positive quantity 
and a maximum value for the curve; mi-nimum, negative, and 
imaginary values are not acceptable. All X hl are inherently non­
negative, so that any estimated X hl which is negative is inad­
missible biologically. 

The Xhl· from models 1, 2, 3, and 4 are directly comparable 
to those from models 5 and 6. ''''hen differentiation is per­
formed and ,.the resulting equation set egual to zero, one finds 
that value, X h\, of the Xi which maximized~Yll = f(Xi) = a 
function of the Xi. Confidence intervals for X hl from models 1 
and 2 may be computed as described by Kenney and Keeping (2). 

For many situations, and perhaps for the present data, it may 
be desirable to incorporate interaction terms in models 1 through 
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6. In the first two, such terms as XIX Z, X21 X Z, XIX2z, X21 X22, ••• , 
X, X5, X24X5, X 4X25, X2"X2", etc., could be added to account for 
interactions between the independent variables. Similar inter­
action terms may be included in models 3, 4, 5, and 6 as XI X32 , 

X21 X3Z, X81 X8 or (log Xl) X2 , Xl log X z, etc. Also, addi­2 , 

tional powers of the Xi could be included in the exponent of e 
in equation [7J. 'Whether or not the additional parameters in 
the regression equations would yield a better fit to the data 
would need to be determined empirically on a large set. .If data 
such as those used for the present study. 

Results 
The relationships of the dependent with the independent 

variables were investigated for each dependent variable. All six 
multiple regression models were compared in each dependent 
variable analysis \.vithin each population. 

The means for all dependent and independent variables 
within populations are listed in Table 1. For certain of the 
characters there are relatively large differences beteen popula­
tions. The differences for 'weight per root and percentage sucrose 
were discussed extensively by Powers et al. (5). Although not 
shown, it is generally true for all characters that the treatment 
and population variances were, by far, the largest. In order of 
magnitude of the mean squares, these two sources of variation 
were followed by replicates and the population by treatment 
interaction. These four sources of variation are large compared 
to the remaining first and second order interactions. Similar 

Table I.-Means of dependent (Yh) and independent (XI) variables within populations. 

Population 

Variate A54·] A54·lBB 50·406BB 50·406 Fl hybrid 52·307 

Weight per root 
(Y, ). lbs. 2.26 2.17 1.72 0.89 1.88 0.87 

Percentage sucrose 
(y,). % 17. 3 17.3 17.1 16.8 17 .fi 16.6 

Percentage pUl'it} 
(Y3). % 94 .6 94.8 95.S 94.?' 96.4 95.7 

Gross suga r per mot 
(Y. ). lbs. 0.39 0.37 0. 30 0.15 0. 33 0.14 

PotasS illJn 
(X, ) . ppm 1279 1221 1059 J 132 989 1031 

~ Glutamic acid 
(X, ) . mg. per 100 ml. '16.5 24 .;; 26.1 12.7 )0.7 ft ..} 

Sodium 
(X,) • . ppm 374 373 255 255 2M 346 

Betaine 
(X.) . mg. per 100 ml. 103.2 100.3 88.0 99.3 76.? 91.2 

Total nitrogen 
(X. ) , mg. per 100 ml. 32.8 30.9 23 .1 22.9 15 6 J1.R 
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Table 2.-Simple correlation coefficients from untransformed data. 

•Population Sucrose Purity Gross Glutaluic 
and variate sugar K acid Na Betaine N% % 

A54·1 

Root weight 
Sucrose % 
Purity % 
Gross sugar 
Potassium 

-0.42 
1.00 

-0.59 
0.74 
1.00 

0.93 
-0.06 
-0.34 

l.OO 

0.54 
-0.56 
-0.73 

0.35 
100 

0.60 
-0.66 
- 0.85 

0.39 
0.5R 

0.48 
-0.83 
-0.89 

0.19 
0.68 

0.63 
-0.52 
-0.78 

0.48 
0.60 

0.60 
-0.78 
-0.93 

0.33 
0.68 

Glut. acid 1.00 0.72 0.78 0.92 
Sodium 1.00 0.66 0.85 
Betaine 1.00 0.82 

A54·IBB 

Root weight 
Sucrose % 

-0.12 
1.00 

-0.65 
0.70 

0.91 
-0.08 

0.50 
-0.68 

0.60 
-0.58 

0.53 
-0.86 

0.65 
--0.37 

0.65 
- 0.75 

P urity % 
Gross sugar 
Potassium 

1.00 - 0.43 
1.00 

--0.76 
0.28 
1.00 

-0.76 
0.42 
0.51 

- 0.86 
0.24 
0.73 

- 0.75 
0.55 
0.61 

-0.95 
0.41 
0.76 

Glut. acid 1.00 0.68 0.56 0.77 
Sodium 1.00 0.54 0.88 
Betaine 1.00 0.77 

50·406BB 

R oot weight 
Sucrose % 
Purity % 
Gross sugar 
Potassium 
Glut. acid 
Sodium 

0.09 
1.00 

-0.60 
0.33 
1.00 

0.97 
0.31 

-0.50 
1.00 

0.46 
-0.06 
-0.45 

0.41 
1.00 

0.34 
-0.47 
-0.73 

0.22 
0.46 
LO} 

0.28 
- 0.79 
-0.67 

0.08 
0.31 
0.63 
1.00 

0.76 
- 0. 11 
- 0.78 

0.69 
0.44 
0.60 
0.46 

0.49 
--0.54 
-0.85 

0.34 
0.55 
0.89 
0.76 

~ 

Betaine 1.00 0.75 

50·406 

Root weight 
Sucrose % 
Purity % 
Gross sugar 
Potassium 

-0.31 
1.00 

-0.34 
0.75 
1.00 

0.95 
--0.02 
--0.13 

1.00 

0.47 
-0.65 
-0.71 

0.30 
1.00 

0.19 
-0.74 
-0.53 
-0.04 

0.50 

0.26 
-0.90 
--0.79 
-0.0 1 

0.65 

0.55 
-0.63 
--0.78 

0.10 
0.83 

0.38 
--0.89 
-0.85 

0.13 
0.77 

Glut. acid 1.00 0.75 0.46 0.82 
Sodium 1.00 0.54 0.89 
Betaine 1.00 0.77 

Fl hybrid 

Root weight 
Sucrose % 
Purity % 
Gross sugar 
POl assium 

-0.01 
1.00 

-0.48 
0.56 
1.00 

0.96 
0.27 

-0.29 
1.00 

0.38 
- 0.57 
- 0.77 

0.20 
1.00 

0.28 
-0.68 
-0.86 

0.07 
0.72 

0.21 
-0.76 
--0.78 
-0.02 

0.68 

0.61 
-0.24 
-0.79 

0.50 
0.65 

0.39 
- 0.68 
- 0.92 

0.18 
0.79 

Gl ut. acid 1.00 0.72 0.64 0.97 
Sodium 1.00 0.49 0.80 
Betaine 1.00 0.74 

52·307 

R oot weight 
Sucrose % 
Purity % 
Gross sugar 
Potassium 

--0.09 
1.00 

-0.55 
0.23 
1.00 

0.98 
0.09 

- 0.47 
1.00 

-0.26 
0.24 
0.18 

-0.24 
1.00 

0.55 
-0.23 
-0.74 

0.48 
-0.03 

0.5 1 
-0.53 
- 0.79 

0.38 
- 0.19 

0.69 
0.18 

-0.69 
0.70 

-0.05 

0.63 
--0.25 
-0.84 

0.55 
-0.08 

'" 

Glut. acid 1.00 0.70 0.72 0.91 
Sodium 1.00 0.54 0.80 
Betaine 1.00 0.82 
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results for covariances were obtained. The large treatment, repli­
cate, and treatment by replicate mean squares as compared to 
a relatively small within-plots mean square, verifies an earlier 
statement that the environmental variance among plots was large 
relative to the environmental and genetic variance within plots, 

The simple correlation coefficients of all variates in the ex­
periment are presented in Table 2, In general the correlations 
of root yield and gross sugar are negative with percentage sucrose 
and purity, and positive with the thin juice chemical characters. 
In the case of percentage sucrose and purity, the correlations 
with chemical characters are, with three exceptions, negative, 
Among all the independent variables, betai'ne has the highest 
simple correlation with root weight and gross sugar in all cases, 
except one, where it has the same correlation with root weight 
as does total nitrogen. In all populations, percentage sucrose 
is most highly correlated with sodium, whereas purity is most 
highly correlated with total nitrogen. Among the 216 simple 
correlations 190 are significant at P = 0.05, each having 78 
degrees of freedom. 

All six multiple regression models were applied to the data 
for each yield character and the five thin juice chemical char­
acters in each population. The multiple correlation coefficients 
of the yield characters with the five Xi and their squares, cubes, 
and/ or logs for each population are presented in Table 3. Those 

Table 3.-Multiple cOlTelalion coeffi den ts (R) 'with the four yield characters, using 
only those models whe~e deviatiom are measured front the mean. 

Multiple correlation coefficients (R) 

Regres· Weight Percentage Percentage ap' Gross 
Popu· sion per root sucrose parent purity sugar 
lalion model (y,) (Yo) (Y3) (Y.,) 

A54·j I 0.79 088 096 0.77 
3 0.8\ 0.R0 0.96 0.79 
5 0.81 O.DO 0.94 0.79 

A54·lBB 0.81 0.89 0.96 0.77 
0.86 0.90 0.96 0.82 

5 0.83 0.90 0.95 0.79 

50·406BB J 0.79 0.88 0.95 0.79 
3 0.83 0.90 0.96 0.82 
5 0.80 0.90 0.94 0.80 

50106 0.62 0.94 0.93 0.59 
3 0.64 0.95 0.94 0.60 
5 0.64 0.'15 0.91 0.59 

F! h ybri(\ I 0.84 0.90 0.91 0.84 
3 0.86 0.91 0.93 0.87 
5 0.86 0.92 0.89 0.86 

.02·307 1 0.78 0.82 0.88 o.n 
3 0.83 0.~4 0.90 0.83 
5 0.82 0.83 0.87 O.ti2 
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multiple correlation coefficients shown are only from those models 
where deviations III Yb are measured from the mean. In the 
remaining models where the intercept IS zero, about 99% of 
the variability is accounted for by regression in every case. These 
multiple correlation coefficients are of little analytic value. 

All the multiple correlation coefficients 111 Table 3 are sIg­
nificant at P = 0.01; and 35 to 92% of the variability in Yb is 
accounted for by regression. In most cases, model 3 has accounted 
for the greatest portion of the variability followed in order by 
5 and 1, except for purity, where model 3 is followed by 1 and 

Table 4.-Estimated threshold values (X,) (or maximum root weight (VI). 

Thin juice chemical character 

Regres­ Potassiulll Glutamic acid Sodium Betaine Nitrogen 
Popu. sion (Pj?Ill) (mg./ IOOm!.) (Pl?m) (mg./ 100m!.) (mg./ IOOm!.) 
lation model (X,) (X2) (X3) (X,) (X5) 

A54·1 1 
2 
3 

105 
320 
420 
350 

129 
9~ 

20 

55 
68 
38 

4 
5 
6 

4790 3bO 
360 

38 
45 
43 

A54-IBB 1 50 r.oo III 150 
2 
3 
4 
5 
6 

1860 
59 
69 
17 
97 

106 

330 

260 
260 

11 7 
111 
108 
104 
104 

101 
43 
43 
86 
82 

50-406BB 1 
2 
3 
4 
5 
6 

1400 148 20 

71 
92 

108 
108 
81 
81 

45 
47 
31 
31 
59 
55 

50-406 1 
2 
3 
4 
5 
6 

1300 
780 
460 

1070 

64 

70 
100 
130 

70 
80 

227 
249 

32 
30' 
28 
27 
31 
32 

Fl h ybrid 1 
2 
3 
4 
5 
6 

1090 

870 
1820 

12 

15 
15 

300 
260 
270 

160 
150 

125 
121 
119 

292 

27 
33 
17 
19 
28 
29 

52-307 1 
2 
3 
4 
5 
6 

320 

910 
790 
860 

7 
7 
6 

7 
7 

440 
50 

700 

410 
410 

128 
136 
161 
138 
122 
131 

65 
106 

;; 
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5. Of the four Yh , apparent purity (Y3) has the greatest portion 
of its variability accounted for by the X i followed by sucrose, 
root weight and gross sugar. 

The threshold values (Xlii) computed from equations [8], 
[9], and [10] for each population are presented in Tables 4 
throug-h 7 for the dependent variables Y1 through Y4, respectively. 
The blanks in the tables have resulted when the computed 
threshold estimates were negative, not maxima, or not real. 
There is a potential of six estimates for each threshold point. 
Model 3 provides a threshold estimate in 102 of the 120 cases, 

" 	 (Y.).Table 5.-E.timated threshold values (XI) for maximum percentage sucrose 

Thin juice chemical character 

Regres· Potassium Glutamic acid Sodium Betaine Nitrogen 
Popu· sion (Pl1m ) (mg./,lOOm!.) (PI/PI) (mg./ ~OOm!.) (mg./100m!.) 
lation model (Xl) (X.) (X3) (X.) (X5) 

A54·1 	 1 1630 156 
2 1420 114 
3 1580 94 1 1:'0 122 
4 1340 123 
5 1430 160 10 
6 1990 170 16 

A54·1BB 	 I 660 12.5 
2 1210 119 
3 920 70 123 24 
4 1070 123 18 
3 960 70 550 20 
6 30 26 

50·406BB 	 1 1070 117 
2 1050 129 
3 990 12 140 88 60 
4 980 8 92 86 
5 1000 3 140 I fiO 
6 1 110 513 

50·406 	 1 1230 70 
2 1200 II 35 
3 428 IOU 77 37 
4 1190 77 37 
5 1230 100 76 
6 90 82 

Fl h ybrid 	 I 1110 ll6 
2 1080 445 
3 102 100 III 
4 III 
5 1170 130 7 
6 120 101 14 

52·307 	 1 183 
2 1120 209 
3 1230 30 160 138 
4 760 160 
5 140 4 
6 140 4 
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followed by 74, 68, 68, 62, and 59 for models 5, 2, 6, 4, and I , 
respectively_ A few of the threshold est imates are admittedly un­
realistic but are III general sufficiently consistent to indicate 
population differences. 

Threshold estimates were also calculated within fertility levels 
within populations; these are not included in the text. However, 
in most cases where all threshold estimates were available, the 
across-treatment estimate was found to be between the correspond­
ing estimates made from the within-treatment analyses. This 
logically suggests that the estimates III Tables 4 through 7 are 
probably more accurate than estimates within treatments, Sll1ce 

Table 6.-Estimated threshold values (~ , ) for maximum percentage apparent purit~ 
(Ya) . 

Thin juice chemical character 

Regres­ Potassium Glutamic acid Sodium Betaine Nitrogen 
Popu­
lation 

sion 
model 

(Plitm ) 
(X,) 

(mg. / IOOm!.) 
(Xo) 

(Plitm ) 
(Xa) 

(mg./ .lOOm!.) (mg.j 100m!.) 
(X .) (X,. ) 

\5­1· 1 I 1140 
2 1370 IU4 
3 79 7 
4 1220 80 60 
5 1210 103 
6 1160 97 

\ 54-IBB I 340 
2 1290 2J 10 103 
3 1050 24 670 116 98 
4 1120 94 
5 1J40 18 96 
6 Il20 19 99 

50-406BB I 730 49 
2 1100 32 ~IO 85 
3 1170 77 6·10 57 
1 1000 920 64 
5 J020 2 68 
6 1020 69 

50­'106 1 1790 144 
2 1210 4 1 
3 1390 93 ;,uo ~o I~ 

4 1100 34 70 22 17 
5 1430 9 
6 1320 7 

F, hybrid 1 14 
2 1030 
3 930 19 80U III 39 
4 930 liB 33 
5 1050 15 
6 1040 15 

52-307 1 1450 II 
2 1050 II 

3 ll50 IU 8U ~~ I 12 
4 1010 58 12 
5 1080 6 
6 IlIO 6 
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there are twice as many observations on which the regression is 
calculated and the range of data across treatments is greater 
than the range of data within either treatment. 

Table 8 lists the number of analyses in which certain necessary 
conditions are fulfilled. In models 1, 2, 5, and 6 conditions 
necessary for a maximum are b lli > °and Chi < 0, but are not 
of themselves necessary conditions in models 3 and 4. 

In determining which of the six multiple regression models 
provides the best fit , four factors are considered: number and 
realism of the threshold estimates; proportion of the total vari­
ability accounted for by regression; fulfillmen~ of necessary con-

Table 7.-Estimat,ed threshold "alues (~,) for maximum gros~ sugar (y,). 

Thin juice chemical chara_c_te_r__.____ 

Regres· Potassium Glutamic acid Sodium Betaine Nitrogen 
Popu. 
lation 

sion 
model 

(PRm) 
(XI) 

(mg./ IOOml.) 
(~2) 

(pll.m) 
(X3) 

(mg./ IOOm!.) (mg./IOOmI.) 
(~,) (~,) 

~54-1 J 1990 126 280 102 47 
2 105 310 97 18 
3 310 34 
4 34 

.. 5 
6 

2340 280 
290 

33 
33 

A54-IBB I 57 170 II9 104 
2 6 170 122 89 
3 1840 68 114 '13 
4 113 43 
5 92 190 1I2 67 
6 877 180 II8 58 

50-406BB I 98 50 
2 97 50 
3 1670 174 80 lOS 36 
4 108 36 
5 1030 70 90 216 
6 60 95 80 

50·406 I 10 214 30 
2 1270 20 272 30 
3 890 64 12U 72 28 
4 420 28 
5 90 113 31 
6 90 Il2 32 

'F! hybrid I 1110 230 1362 25 
2 140 122 89 
3 6 180 118 16 
4 1510 1I6 18 
5 1030 70 90 216 
6 14 140 130 27 

52-307 I 7 420 148 
2 7 420 153 
3 890 6 3S0 155 36 
4 710 144 40 
5 8S0 7 3S0 148 
6 7 3S0 164 
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ditions; and relative proportion of the variability accounted for 
by individual variables. From these evaluations it was concluded 
that model 3 provides the best fit for all dependent variables 
followed by models 4 and 1, except in the case of purity, where 
model 3 is followed by model 5. 

Table 8.-Enumeration of analyses in which necessary conditions arc fulfilled. 

Condition 

Signifi. Signifi. Positive 
Yield charact,er cant l cant i an.sl real 

and model bhl > O C"I<O bhl<O Cbl>O. XI 

Root weight 
I 22 20 18 
2 21 20 19 
3 26 
4 15 
5 22 22 1I II 19 
6 20 20 0 I 18 

Percent sucrose 
I II 20 0 II II 

2 13 2:; 13 
3 24 
4 1!l 
5 21 19 I 19 
6 17 16 4 16 

Percent purity 
1 9 1'1 9 I 9 
2 15 16 7 6 15 
3 27 
4 19 
5 15 23 14 
6 16 24 5 15 

Gross sugar 
1 22 23 21 
2 2J 22 ~ 20 
3 25 

13 
~ ~4 ~3 U 22 
6 21 20 2 19 

Desired ulIlnbcr 30 30 u u :ro 
1 P = 0.05 

In considering the threshold estimates in this study there 
are six regression analyses on each population for each dependent 
variable. There is, therefore, some choice of model from which 
the best threshold estimate may be calculated even though model 
3 in general provided the best fit. In order to remain objective, 
it is possible, as each variable is considered within each popula· 
tion, to compare among models 1, 3, and 5 (in which a particular 
Xi is maximizing) the additional variability in Yh accounted for 
by each Xi or its log. Due to a difference in computer program 
and output peculiar to this study a similar comparison is not 
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possible for the Xi from models 2, 4, and 6. Therefore selection 
of the most likely correct threshold estimates from all analyses 
cannot be entirely objective. But by also considering the general 
fit of the models for each case and fulfillment of necessary con­
ditions for individual Xi the threshold estimates most likely to 
be correct have been selected from the six possible choices, and 
are listed in Table 9. These are estimates of concentrations of 
the thin .iuice chemical characters at which the individual yield 
characters are maximized and, hence, the point at which the 
yield characters commence to be depressed. 

Table 9.-The best estimates of concentrations of the thin' juice chemical characters 
at which the yield characters are ulaxiulized and in parentheses the model from which 
it was calculated . 

Thin juice chemical character 

'-Population and Potassium Glutamic acid Sodium Betaine Nitrogen 
yield character . (ppm) (mg./IOOm!.) (ppm) (mg./IOOm!.) (mg'; 100m I.) 

A54-1 
;:. Root weight 4790(5 ) 105(2) 350(3) 92 (2) 55 ( I) 

Percent sucrose 1580( 3) 941(3) 150 (3) 122(3) 10 (5) 
Percent purity 1210(5) 79(3) 7(3) 
Gross sligar 1990(1 ) 105(2) 310(3) 102 (1 ) 34(3) 

A54-IBB 
Root weight 1860(3) 69(3) 330(2) III (3) 43(3) 
Percent sucrose 920(3) 70( 3) 70(5) 123(3) 24(3) 
Percent purity 1050(3) 24(3) 10 (2) 94(3) 98(2) 
Gross sugar 1840 (3) 68(3) 170( I) 111 (3) 43(3) 

50-406BB 
Root weight 1400(3) 148(3) 20(3) 108 (3) 31 (3) 
Percent sucrose 990(3) 12 (3 ) 110 (3) 88(3) 60( 3) 
Percent purity 1170(3) 32(2) 210 (2) 57(3) 5(3) 
Gross sugar 1670(3) 174 (3) 81l(S) 108(3) 50( 1) 

50-406 
Root weight 780(3) 64(3) 130( 3) 227(3) 28(3) 
Percen t sucrose 1190(4) II (2) 100( 3) 77(3) 37(3) 
Percen t purity 1390 (3) 34 (4) 70(4) 40(3) 9(5) 
Gross sliga r 890(3) 64(3) 120(3) 72(3) 28(3) 

F. bybid 
Root weight 1090(1 ) 15(5) 270(3) 121(3) 27(1) 
Percent Slicrose 1080 (2) 102 (3) 100 (3) JlI (3) 7(5) 
Percent purity 930(3) 19(3) 800(3) III (3) 33(4 ) 
Gross Sliga r 1110(1) 14(6) ISO (3) 118(3 ) 25( 1 ) 

52-307 
Root weight 910( 3) 6 (3) 440( I) 128(1) 65(3) 
Percent sucrose 
Percent pur; ty 

1230 (3) 
1150(3 ) 

30(3 ) 
10 (3) 

100( 3) 
801'1 ) 

138(3) 
58(4) 

4(5) 
12 (3 ) 

Gross sligar 890(3) 6(3) 380(3) 155 (3) 36(3) 
.. No es timate possibl e. 

Discussion 
Although plot totals were used in these analyses, plot means 

could also be used. Using plot totals for the multiple regression 
analyses within populations results in estimates of environmental 
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regTession of the four yield characters on the five chemical char­
acters, since the genetic variation in the plot totals is very small 
compared to the environmental variation. Hence, these regres­
sions may be considered to be estimates of the environmental 
relationships among characters for each population. Certain 
gen~tic comparisons are afforded by across population com­
pansons. 

Relatively large treatment, replicate, and treatment by repli­
cate mean squares, when compared with the within-plots mean 
square, make these data well suited to a curve-fitting study. 
Since the population by treatment mean square was guite lar~e, 
it is also possible that year and population by year effects could 
be of considerable importance with respect to the best fitting 
multiple regTession model. This possibility has not been in­
vestigated. Similar analyses of the within-plot variability, which 
is in large part genetic, would be of considerable interest for 
breeding purposes. These within-plut analyses have not been 
made. 

Amung the simple correlation coefficients it is uf some interest 
that betaine is the best single predictor of both root weight and 
gTOSS sugar in all populations except A54-1 BB 'where it is the 
same as total nitrogen. For percentage sucrose and purity, sodium 
and total nitrogen have the hig-hest simple correlations without 
exception. In spite of this, there are indications among the 
non-segregating populations of some genetic differences in the 
association of the chem ical characters as they affect the yield 
characters. Therefore, the effect of environment on the relation­
ship between the yield characters and thin juice chemical char­
acters might be modified by breeding. 

Comparisons of multiple correlation coefficients can be made 
amung those from models 1, 3, and 5. Those from models 2, 4, 
and 6 are extremely high because those models account for ~uch 
a high proportion of the total variability. This is due to devi­
ations being measured from zero. Hence the multiple correlation 
coefficients from models 2, 4, and 6 are of little comparative 
value. Those from models 1, 3, and 5 are indicative of the "fit" 
to the model being considered. In Table 3, in 70 of 72 cases, 
model 3 accounts for as much variability or more than models 
I and 5. Of course it should be remembered that model 3 cannot 
account for less variabil ity than model 1. The proportion of 
variability accounted for in percentage purity is very hig-h, par­
ticularly among the segregating populations, 88 to 92%. The 
reason why model I accounts for more variability in percentage 
purity than model 5 is not clear. This is true in all populations 
and is contrary to the results for the other three yield characters. 
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Models 1, 3, and 5 are generally cunsidered to provide a credit· 
able "fit" to the data. 

It is apparent, upun reviewing the threshold estimates in 
Tables 4 through 7 that all six models tested leave something­
to be desired. Model 3 provides a threshold estimate in 85% 
uf all cases, but these are not necessarily all resulting from func· 
tions of the same form. The other five models are not greatly 
different and provide threshold estimates in 49 to 62% of the 
cases. For root weight and gross sugar, threshold estimates of 
betaine and nitrogen are most frequently estimated, compared 
to betaine and potassium for percentage sucro.se and purity. The 
conditions of this experiment appear to have fairly well straddled 
the nitrogen level and possibly the level of betaine precursors 
at which root and gross sug'ar yields are maximized. The same 
thing can be said for betaine and potassium in the cases of 
percentage sucrose and purity. Threshold estimates for these 
chemical characters can be expected to arise less frequently as 
a result of extrapolation. 

The fulfillment uf necessary conditions is not CI very satis· 
factory comparison of performance of all six models but does 
give some worthwhile comparisons among' models 1, 2, 5, and 
6. In models 3 and 4 blli > 0 and Clli < 0 are not applicable as 
necessary conditions. Hence in Table 8, fulfillment of these con· 
ditions and the statistical significance of blli < 0 and Chi > 0 
are not noted for models 3 and 4. 

In considering the threshold estimates of the five thin juice 
chemical characters th ere are six regression analyses within each 
population for each yield character. As a routine it would not 
be practical to calculate a number of analyses and have a choice 
of threshold estimates. Ideally one model would be applied in 
all cases. Many models other than the six in this study could 
be generated. However among these six, model 3 provides the 
best fit for all yield characters across all populations. This third 
degTee polynom ial , in general, satisfies more of the necessary 
criteria of a good fit than any of the other models. Models 2, 
4, and 6, in which the function has been forced through the 
origin, do not fit as well as anticipated. Since model 3 has been 
determined to be the most satisfactory, it is assumed that it 
should result in the most accurate threshold estimates. This is 
borne out in Table 9 where 83 of the 118 most likely correct 
threshold estimates have resulted from the use of model 3. 

Since very little could be done under the conditions of this 
experiment to control the thin juice concentration of potassium, 
glutamic acid, sodium, and betaine except as they are related 
to nitrogen, the threshold values for total nitrogen are of principal 

http:sucro.se
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interest. In Table ~, 1I10st ot the threshold estimates calculated 
to be the best estimates of concentrations of the thin juice chem­
ical characters at which the yield characters commence to be 
depressed, appear to be biologically reasonable. 

The accuracy of some estimates can be pointed out. In Table 
9 root weight for population A54-1 is supposed to maximize at 
55 milligrams of nitrogen. This corresponds to the estimate 
made by Powers et al. (5) where they found by examination of 
means that in this population the maximum root weight was 
reached with a concentration of total nitrogen lying somewhere 
between 46.8 and 62.9 milligrams per 100 milliliters of thin 
juice. In considering percentage sucrose and percentage purity 
in this same population the threshold values are 10 and 7, re­
spectively. This concentration of total nitrogen in the thin juice 
would be attainable by this population only under an extreme 
nitrogen deficiency; but it is reasonable to expect that any in­
crease in this nitrogen concentration would result in some de­
crease in percentage sucrose and percentage purity, since in the 
data of this study, all inCTeases of nitrogen in the thin juice 
were accompanied by some decrease in sucrose and purity. It 
appears that a gradual, slight decrease occurs in percentage 
sucrose and percentage purity 'with increasing nitrogen from 
about 10 milligrams to some point between 46 .8 and 62 .9 where, 
as Powers et a1. (6) point out, there is a sharp reduction in 
sucrose and purity. This may also be true for other characters 
where gradual decreases change into abrupt and drastic decreases. 
In such cases, threshold values would be of little value of them­
selves but could be of some value when considered along with 
means. The relation of total nitrogen to root weight, percentage 
sucrose, and percentage purity is a good example of this . Maxi­
mum percentage sucrose in population A54-1 is attained at about 
10 milligrams of nitrogen , but at this point root weight ,...ould 
be very low. An increasing concentration of nitrogen From 10 
milligrams to about 55 results in a tolerable decrease in percent­
age sucrose and percentage purity because it results in a marked 
increase in weight per root. This then represents among' these 
economic characters a compromise which is necessary in most 
genotypes. Powers et a1. (6) have presented evidence that in 
certain genotypes this compromise need not be so great. They 
pointed out that the F, hybrid in this study had a lower con­
centration of total nitrogen in th e thin juice than A54-1. From 
Table 9, the FJ hybrid apparently also has a lower threshold 
value than A54-1, 27 millignms of nitrogen compared to 55. 
For total nitrogen then, the threshold estimates would indicate 
that, even though the F, has a lower concentration of total 

.:. 
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nitrogen in the thin juice, root weight is maximizing at a lower 
point on the nitrogen scale. Hence concentrations of total nitro­
gen in the thin juice in relation to their effects on root yield 
may not be directly comparable. In this same F l population 
the maximum percentage sucrose should be achieved at about 
7 milligrams of nitrogen. This, as in A54-1, probably represents 
a nitrogen concentration attainable only under nitrogen deficient 
conditions and would result in low weight per root. An exam­
ination of the means over a range of fertility levels would be 
necessary to establish the nitrogen concentration at which sucrose 
reached the point of diminishing total sugar. . 

Not all the threshold estimates, however, are biologically 
reasonable, a notable exception being the case of A54-1B13 where 
98 milligrams of nitrogen is supposed to maximize purity. Other 
less striking instances can be noted. 

In considering' gross sugar which is a product character of 
weight per root and percentage sucrose, it is generally maximized 
somewhere between that concentration of a thin juice chemical 
character which leads to maximum root weight and that con­
centration which leads to maximum sucrose or at the same point 
as root weight. This is biologically reasonable. 

An interaction of genotypes with years, locations, or both 
could also affect threshold estimates as developed in this study. 
This possibility is not investigated in this experiment. If inter­
actions affecting the threshold estimates are not highly important, 
the threshold estimates established for a particular genotype or 
population should be of considerable value in determination of 
the most productive fertility levels for the dependent variables 
and in determination of the fertility level leading to the highest 
total sugar production. 

Threshold values as developed in this study ·would likely be 
of greatest value in determining the points on the a.xes of the 
independent variables at which a particular popula'tion achieved 
maximum root weight and maximum total sugar. Then an exam­
ination of the means in a range of fertility levels would indicate 
the fertility level at which this maximum is being achieved. Since 
different genotypes at the same fertility level have been demon­
strated to have different levels of chemical characters in the thin 
juice, it would be necessary to examine each population in a 
manner such as this in order to determine the concentrations 
of the characters of interest at which root weight and gTOSS sugar 
are maximizing. The threshold values are not likely to be of 
great value in studying percentage sucrose or percentage purity 
unless accompanied by a comprehensive examination of a range 
of treatment means. 



OF TIm A, ,;, S. g, I, 

that threshold such as these migh t 
in dealing with Fl (from two 

the 'within population variability would f'n-

The environmental and the mutual re­
sponse of chemical characters in thin with foul' 
yield characters were studied in three 

populations of sugar beets. 
were potassium, glutamic and 

The fOllr yidd characters 
thill 

per root. 
models were llSed in an attempt to 

function of each of the four char-
thin juice chemical character" these 
comparisons were made of the means. partial 

simple correlation and multiple 
correlation coefficients, Threshold estimates of the five chemical 
characters were calculated for each of the yield characters. These 

of the of (I' lar thin juice 
at 'which particular character was 

maximized. This is the maximum with to each inde­
pendent variable in the function, cases the 
function is or else the maximnm does not exist. 

:\rnong tbe threshold est ima tes For each (hem iea I character 
the most likely correct estimates were determined. These are 
based on variability accounted fulfillment of H'-''-~,'" 

and othe/ factors. Most of these threshold 
to be and, where . arc 


a study of the means, thresh­

old values for maximum root and gross yield. in 


attainable uuder field con­

true for total 'fhreshold 

values for maximum npw',,'Y) sucrose and purity occlir at such 
a 1o'w point on the total scale that are I to 
be of little value. 

Among six models used, the polynomial, 
the mean, more of of a flt 

than any at the 
of methods such as these could \)e of value in 

the thin concentrations or variolls quality 
icularly at which popllLl­

maximum root yield and iot<ll '1ugar yield. 



573 VOL. 14, No. 7, OCTOBER 1967 

Literature Cited 

(J) 	 D UDLEY, J. "V., and L ERoy POWERS. 1960. Popula t ion gene t ic studies 
on sodium and potassium in suga r bee ts (Beta vulgOTis L.). J. Am. 
Soc. Sugar Beet T echno!. 11 : 97-127. 

(2) KENNEY, J. F., and E. S. KEE PI NG. 1951. Ma th ematics o[ Statistics, Part 
2. 2nd Ed. D . Van Nostrand Co., N. Y. 

(3) 	 PAYNE, MERLE G., LERoy POIVERS, a nd E. E. REMME NG A. 196 1. Some 
chem ical genetic studies perta ining to quality in sugar bee ts (Belrt 
vu lgaris L.) . .J. Am. Soc. Suga r Beet T echno!. 11 :6 10·628. 

(4) 	 POWERS, LERoy, D. "V. R OBERTSON, R. S. WHITNEY, a nd W. R. SCHMICHL. 
1958. Population ge ne ti c studies with sugar beets (Bela v ulgaris L.) 
at d ifferent levels of soi l fe rtility. J. Am. So(. Sugou Beet Techno!. 
9:637-676. . 

(5) 	 POWERS, L ERoy, W . R . SCHMEHL, "VIT• T. FEDERER, and MERLE G . PAY NE. 
1963. C hemical genetic a nd so ils studies involving thirtee n characters 
in suga r beets . .I . Am. SO(. Sugar Beet Techno!. 12:393·44R. 


