Theoretical Steady State Distribution of an
Additive in Sugar Beet Diffusers

FreED STITT

Introduction of an appropriate chemical into a diffuser may
be considered for any of several purposes such as the suppression
of microbiological action or the control of texture of the pulp.
The additive may be introduced at various points in the diffuser
either intermittently or in an essentially continuous manner.
This paper considers the question of how the additive becomes
distributed in the various portions of the diffuser and between
the juice and pulp leaving the diffuser. Provided certain assump-
tions hold, this distribution can Dbe simply expressed for the
steady state reached in the case of a diffusion battery consisting
of discrete cells to one of which a fixed amount of additive is in-
troduced after each transfer step. Following presentation and
discussion of the results for the steady state distribution of addi-
tive in such a model battery, the modifications required for sim-
ilar batteries operating in accord with less restrictive assumptions
and for continuous diffusers are discussed. The time required
to reach a steady state is also briefly discussed. All mathematical
derivations arc contained in the appendix.

Model Battery

Let the cells of the battery be numbered serially. The cossettes
enter the first cell and leave the last cell as pulp. while the battery
supply water enters the last cell and Jeaves the first cell as juice.
In this paper a model battery is defined as one for which the
[ollowing assumptions hold:

1. Lach cell contains the same volume of cossettes, V., and
the same volume of juice, \'y. At each transfer the contents of
cach ccll are completely replaced, the volume V. ol cossettes
of any particular cell moving to the next higher numbered cell
and the volume V; of juice moving to the next lower numbered
cell.

The additive present in each cell immediately after a
transfer becomes distributed so that immediately prior to the
next transfer the ratio of the amount of additive associated with
the juice to the amount of additive associated with the cossettes
is the same in each cell, viz. the partition ratio d.

3. No additive is consumed or produced by reactions taking
place in any cell.

When steady state conditions are attained in an n-celled model
battery to the m'™ cell of which the amount of additive a is intro-
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duced after cach transler, the amount of the additive which leaves
the battery with the pulp at each transfer is

R
P~ (wr) o

and the amount which leaves the battery with the juice is

n+l__dAm
[ = a4—P = (_ddiiiT__Lfi‘_) Il

Under steady state conditions the amount of additive in the #th

“cell s A = (%) ] (—d~) for i = Ito m,
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I'he total amount of additive in the battery is then
T (‘(‘;_*_{) [ma— (n+1) P]

Fvaluation of these expressions for d equal to unity gives

_ ma
n+l
Ay = 2i] for i = 1 to m,
Ay = 2(n+l—i) P for i = m to n,
and T = (n+l—m) ma.

Derivation of these results is given in the appendix.

Examination of these mathematical expressions leads to
several generalizations applying to steady state conditions in a
model battery to which the same amount of additive is introduced
in a particular cell following each transfer:

1. Regardless of its position, the cell into which the additive
is introduced (the add cell) contains more additive than any
other cell.

2. For any specified value of the partition ratio d, the amount
of additive in the add cell is the same when it is the (n-m) ™" cell
as when it is the '™ cell, regardless of the value of m.

3. For any specified value of d, the add cell contains more
additive the closer it is located to the center of the battery.

4. Regardless of its position, the add cell contains more ad-
ditive the closer d is to unity.
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5. For a battery operated so that d is unity, the additive is
distributed linearly between the add cell and each end cell.

6. The further d is from unity, the more non-linear is the
distribution of additive between the add cell and each end cell.
When the partition ratio is greater than unity this non-lincarity
is in the direction of more additive than linear distribution for
cells ahead of the add cell (i less than m), and less for cclls be-
hind the add cell. ‘This non-linearity is in the opposite direction
for d less than unity.
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Figure 1.—Steady state distribution of additive in a 23-cell model battery
lor two values of the partition ratio d and three positions (m) ol the add
cell. Quantities shown are the steady state amounts of additive in each
cell where a is the amount introduced in the add cell after each transfer.

These generalizations are illustrated in Figure 1 where the
calculated stcady state distributions are shown for a 23-cell bat-
tery for two values of d and for three different positions of the
add cell. Although drawn as smooth curves or straight lines in
the figure, these results have significance only for the points
corresponding to integral cell numbers, the ordinate being the
amount of additive present at the steady state in the cell number
shown as abscissa. For example, when the add cell is at the
center of the battery (m = 12), it contains 12a units of additive
at the steady state for a partition coefficient of unity (d = 1.00).
It is at once apparent from the figure that the amount of addi-
tive in a cell may be many times or a small fraction of the amount
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added after each transfer depending on the value of d and the
position of the cell with respect to the add cell.

If it is desired to maintain in all cells a concentration of
additive greater than some specified minimum value, the correct
choice of add cell is that for which the steady state amounts of
additive in the first and last cells of the battery are most nearly
the same. This location moves from the center of the battery

for d = 1 progressively nearer the pulp end as d is increased
above unity. For the case n = 23, d = 1.30, the correct choice
of feed cell for this purpose is m = 21. In general its location

is given by the integral value of m nearest that for which dm—! —
arilk and —+—— oOr —+ ——, whichever is larger, is the
d-T"° Pl+d) = Jd+d)’ ' PRy o

amount ol additive which must be introduced after each trans-
fer to maintain at least 2 units of additive in each cell.
The proportion of additive leaving a model battery in the
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Figure 2—Dependence on the partition ratio (d) of the steady state
fractions of additive appearing in the juice and pulp when the add cell
is at the center of model batteries containing 7, 13, and 23 cells.

juice depends on the number of cells in the battery, the value
of the partition ratio, and the location of the add cell. The
dependence on n and d is shown for steady state conditions in
Figure 2 for introduction of the additive at the center of the
battery. Either an increase in the number of cells or a shift of
d value away from unity leads to a preponderance of additive
being discharged from the juice end of the battery for d greater
than unity and from the pulp end for d less than one. The effect
of the position of the add cell on the emergence of the additive
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from the battery is shown for selected values of d for a 23-cell
model battery at steady state conditions in Figure 3. Thus for
d = 1.30, the proportion of additive leaving the 23-celled battery
in the juice may be varied from 23 to 99.94% by varying the
location of the feed cell.
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Figure 3.—Dependence on the position of the add cell of the steady state
[ractions of additive appearing in the juice and pulp of a 23-cell model
battery for five different values of the partition ratio (d).

Some Non-Model Batteries

The expressions given above are also useful in describing
batteries which deviate in certain ways from satisfying assump-
tions 1 and 2 for a model battery. First, there may not be a
clean separation of the juice from the cossettes when a transfer
is made. Provided the same fraction of the juice phase is trans-
ported with the cossettes from each cell at transfer and the
assumptions made for the model battery are otherwise- valid, the
above equations are still applicable, the only change being that
the partition ratio then has a different value than if a clean separa-
tion were made. This is demonstrated in the appendix.

Another situation described by the model battery equations
is that where some of the contents of each cell are allowed to
remain in the cell at each transfer. Provided the relative amounts
of additive associated with the portions transferred in each di-
rection and with the portion remaining are the same for each
cell at transfer, and provided the model battery assumptions are
otherwise valid, the expressions given for P and ] are still ap-
plicable. The expressions for the amount of additive in each
cell and the total amount of additive in the battery are each in-
creased by the factor (1-}«) where « is the ratio of the amount
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of additive remaining in the cell to that which is removed from
the cell at each transfer. These statements are also verified in
the appendix.

A third case for which the results for a model battery can
be modified to apply is that for which the additive in each cell
does not reach equilibrium distribution between the juice and
cossette phase prior to each transfer, but where equilibrium is
approached in a particular manner in each cell as discussed be-
low. Except when the additive is introduced via the battery
supply water or the fresh cossettes, the assumption for a model
battery that the partition ratio is the same for all cells implies
that equilibrium distribution of additive is reached in each cell
prior to each transfer. This can be rcadily seen by considering
the movement of a portion of additive after its introduction
into cell m. If the additive is introduced into the juice phase
of the add cell and equilibrium is not attained before transfer,
the partition ratio in the add cell will be greater than the equil-
ibrium value. Similarly the partition ratio will exceed its equil-
ibrium value in all cells where net transfer of additive is from
the ] ]UICL to the cossette phase, i.e., for all cells preceding the add
cell, for i less than m. On the other hand net transfer of
.1(ld|t1ve is hom the cossettes to the juice for cells after the add
cell, hence the partition ratio for these cells will be less than
the equilibrium value if equilibrium is not attained. Thus for
all cells to have the same partition ratio, equilibrium must be
reached since this ratio is approached from opposite directions
in cells before and after the add cell. For the special case where
equilibrium distribution of additive is not attained in each cell,
but where one partition ratio (D) applies to all cells preceding
the add cell and another partition ratio (d) to all cells after the

a o i ((‘I'n’.l—m__]) Dm (D__,]) - ;
[T X where X — @D T The ad

ditive contents of the individual cells are given by the expressions
for the model battery with the appropriate value of D or d in
place of d. The effect of additive distribution failing to reach
equilibrium prior to transfer when additive is introduced into
the juice phase is to increase the proportion of additive leaving
the battery in the juice as compared to its value if distribution
equilibrium had been attained.

add cell, P =

Continuous Countercurrent Diffuser

The continuous countercurrent diffuser corresponding to the
model battery defined above may be thought of as a model bat-
tery in which the number of cells is increased indefinitely and
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the individual cell volume is proportionately decreased. Such a
diffuser is referred to here as an ideal continuous countercurrent
diffuser. In practice, however, the second assumption for a model
battery cannot hold for the infinitely small cells thus hypothesized
for the ideal continuous diffuser. It was shown above that this
assumption is equivalent to attaining distribution equilibrium
in each cell prior to transfer; in the case of the ideal continuous
diffuser this is equivalent to having the oppositely moving streams
of juice and cossettes in equilibrium with respect to distribution
of additive at every point. Since such equilibrium cannot be
established instantaneously in practice, this ideal continuous
diffuser is of little interest. ‘

In the theory of partition chromatography and distillation
theory, the concept ol equivalent theoretical plates has proved
useful. For the present problem, we define an equivalent
theoretical cell as a portion ol a continuous countercurrent
diffuser such that the concentration of additive associated with
the juice leaving one end of the cell is that corresponding to
distribution equilibrium with the concentration of additive
associated with the cossettes entering the other end of the cell.
The volume of an equivalent theoretical cell will be smaller
the more intimate the mixing of the cossettes and juice as they
travel in opposite directions and the lower their relative velocities.
We continue to retain the assumptions made above for the model
battery, with modifications appropriate for the continuous dif-
fuser. The first assumption now means that the continuous
diffuser has uniform cross section made up of the samc area of
juice and cossettes at all points with the rates of flow ol each
phasc uniform throughout the diffuser. It is further assumed
that the juice and cossettes each have a uniform concentration
of additive over any cross section of the diffuser. In place of a
single partition ratio applicable to all cells, a single distribution
coeflicient is assumed to apply to the equilibrium distribution
ol additive between cossettes and juice over the entire rangces
of composition occurring in the continuous diffuser. The dis-
tribution coefficient ¢ is defined as the ratio of the concentration
of additive in juice to that in cossettes when the additive has
reached distribution equilibrium between the two phases. A con-
tinuous countercurrent diffuser for which the above assump-
tions hold is referred to hereafter as a model continuous diffuser.

In order to illustrate the concept of equivalent theoretical
cells and assist in its application to model continuous diffusers,
let us examine qualitatively the case where equilibrium distribu-
tion corresponds to equal concentrations of additive in the juice
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and the cossettes. Consider a model continuous diffuser of length
A in which juice flows from right to left (from x = A to x = 0),
cossettes flow from left to 11011t ([rmn x =0 to x = X), and
additive is introduced Lontmuoualy into the juice at x = pu.
Let j, and s, be the concentration of additive at position x for
the juice and cossette phases, respectively, and ¢ the distribution
coefhicient, i.e. the equilibrium distribution value of j/s. Then
the fact that equilibrium distribution of additive between the
juce and cossettes is not attained instantaneously means that
Jo/Ss is greater than ¢ to the left of the add point and less than
¢ to the right of the add point; in other words it must change
sharply close to the add point. We also know this ratio to be
infinite at the left end and zero at the right end of the diffuser
when neither the battery supply water nor the fresh cossettes con-
tain any additive. Thus qualitatively we have the situation shown
in Figures 4 and 5 respectively for the general appearance of
the ratio j./s, and for j, and s, indiv :dua]ly as a function of posi-
tion in the diffuser. Both j, and s, are shown in Figure 5 as vary-
ing linearly with position in anticipation of results similar to
those for model batteries with partition ratio of unity. The
ratio j./s, shown in Figure 4 corresponds to the concentrations
shown in Figure 5. If back diffusion of additive in the |ul<‘e is
negligible, j is expected to show a sharp break at the add point.

Let us now place one theoretical cell boundary immediately
to the right of the add point such that s has essentially its maxi-
mum value and j has its maximum value to the right of the

2c
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Figure 4.—Qualitative dependence of the steady state ratio ol concen-
trations of additive in juice and cossettes on position in a model con-
tinuous countercurrent diffuser. Add point is at x = .
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Figure 5.—Variation ol steady state additive concentration in juice and
cossettes in a model continuous countercurrent diffuser with partition ratio
of unity. Add point is at x = ,. Division of the diffuser into equivalent
theoretical cells is indicated.

sharp break at the add point. Additional cell boundaries are then
determined such that j;_,/s; = ¢ where j,_, is the concentration of
additive in the juice leaving the i" cell and s; is the concentration
in the cossettes leaving the it cell. The locations of the boundaries
thus determined are designated by the vertical dotted lines for
the example of Figure 5. At steady state conditions, the distance
along the axis of the diffuser corresponding to a theoretical cell
is thus seen to be the distance separating the points in the juice
and cossettes at which the additive concentrations have the same
ratio as they would have at equilibrium. In Figure 5 this dis-
tance is shown as uniform along the length of the diffuser. It is
shown in the appendix that all theoretical cells on- either side
of the add point have the same volume provided the distribution
coefhicient is constant. However, this volume may be different
on the two sides of the add point if net transfer of additive be-
tween the juice and cossettes takes place more readily in one
direction than the other. This latter situation is equivalent to
a battery in which two different partition ratios apply respec-
tively to cells before and after the add cell.

Let n designate the number of theoretical cells numbered
serially from left to right such that m designates the theoretical
add cell. Expressions for steady state conditions for the model
continuous diffuser are then found to be similar to those for
model batteries given above. Thus the concentrations of additive



620 Journar oF THE A, S.S. B. T. -

associated with the pulp and juice leaving the diffuser arc re-
spectively

P o o8 ( dn—l ) and | = “_(..'.'_i._"“ d"')
U dnti-1 u; dnt+1—]

where a is the amount per unit time of additive introduced con-
tinuously into the juice and d is the quantity (u,c/u,) in which
u; and wu, are respectively the throughputs of the juice and cos-
settes in units of volume per unit time. The concentrations of
additive in the juice and cossettes at positions in the diffuser
_corresponding to the theoretical cell boundaries are .

di+1_] ]

Ji = ) Sip1 = JifC (i = o, to m—1)

where i—1 and i refer to the left and right hand boundaries of
the ith cell. The total amount of additive in the diffuser at the
steady state is approximately

Ve (d+] ma —(n+1) w,P] + V,P 4 ]
nu.g( d—1 ) [ ( ) ] (d )

e

and 5 =

[

= m ton)

where d’ is the quantity (V ic/V,) and where V; and V, are re-
spectively the volumes of juice and cossettes in the diffuser. It
will be noted that this expression reduces to one similar to that
for the model battery if d' = d, which is true when the through-
put of each phase is proportional to the volume occupied by
that phase in the diffuser at the steady state. Evaluation of these
expressions for d equal to unity gives

— _ma 1 — _mtl-ma . .
usP A+l ) n+l 4
o= @+l J, Sy = jic (i = o to m—1);
si= (n+l—i) P, jJi_y = cs5 (I = m ton);
and T = M (n+l—m) ma + VQL (d’—1) .
2u,

The expressions given for T assume that all theoretical cells have
the same volume. Dervivation of these results is given in the
appendix.
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Relation to the Theory of Fractionation by
Countercurrent Distribution

If instead of adding a single substance, a mixture of two sub-
stances were added, and if the partition coefficient of one were
greater than unity and that of the other less than unity, Figure
3 indicates that these two substances might be efficiently separated
with one leaving the battery in the juice and the other in the
pulp. This is an example of separating two substances by counter-
current distribution, a technique which has been vigorously ex-
ploited in recent years. The distribution of additive in sugar
beet diffusion batteries is thus seen to be a particular case of the
more general problem of distribution of a substance between
two immiscible phases moving countercurrent to each other. The
steady state relations presented above are essentially the same
as those which have been developed and applied in countercur-
rent extraction theory (1).

Time to Reach Steady State Conditions

Up to this point nothing has been said concerning how long
is required to reach steady state conditions after introduction
of additive is begun. Since steady state conditions are approached
asymptotically, strictly speaking an infinite time is required.
However some information on the approximate time required
to approach steady state conditions can be obtained by consider-
ing the manner in which a single shot of additive becomes dis-
tributed in a battery subsequent to its introduction. Since this
problem is related to the development of a band of a substance
on a partition chromatographic column or in the tubes of a
countercurrent distribution apparatus, the theory developed for
those situations (2, 3, 4) can be applied to the present problem.
After a number of transfers have been carried out subsequent to
introduction of a single shot of additive, the latter becomes dis-
tributed among the various cells such that at any time there is
a maximum amount in one cell with smaller amounts in other
cells, the amount in any cell being less the farther the cell is
from the cell containing the maximum. Except when the par-
tition ratio is unity, the location of the cell containing the maxi-
mum moves further from the add cell as the number of transfers
is increased, or the band is said to move away from the add point.
The movement is toward the juice end for the partition ratio
greater than unity. The number of transfers required to move
this maximum out of a model battery is
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_ m(d+]) . ie oventer th .
TR il d is greater than unity
and ¢ =wﬂ+g;_ if d is less than unity. The correspond-

ing expressions for the time required to move the band of ad-
ditive to the juice or pulp ends of a model continuous diffuser

pV, (d'+1)

G il d exceeds unity or [ =

are respectively ¢ =

A= Va+d)  \yhen g is less than one. Symbols here have the
ug (1—d)

same meanings as before. Further details are given in the ap-

pendix.

S,

One may think of the distribution of additive in the diffuser
at any time as the sum ot the distributions of each portion ot
additive already introduced or the superposition of the bands
due to successive additions. Since the number of transfers or
time calculated by the above expressions represents the shortest
period of operation to insure movement of the first band maxi-
mum out of the diffuser, it may be considered a minimum period
for approaching steady state conditions. Each additional trans-
ter or equivalent transfer time then results in an additional band
maximum leaving the diffuser. If the number of transfers or
time calculated by the above expressions is much larger than
the number of cells or the mean throughput time of the juice
and cossettes, one or two times this period may serve as a prac-
tical estimate of how long is required to reach steady state con-
ditions. If such is not the case, several times the mean throughput
time is suggested as a better estimate. The theory has been de-
veloped for quantitatively expressing the approach to steady state
conditions (6), but is cumbersome to apply.

Both the shape of the band due to a single shot of additive
and its maximum value as it leaves the bclttery or diffuser are
related to the partition ratio d and the number of (theoretical)
cells, the band becoming more spread out and the maximum
becoming smaller the larger ¢. Although the expressions relating
band maximum and band width to partition ratio and number
of theoretical plates in partition chromatography are relatively
simple, the corresponding relationships have not been developed
in a form satisfactory for application to the diffuser problem con-
sidered here.
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Discussion

The theoretical results presented above are probably most
useful as a basis for understanding and predicting the manner in
which a substance which is constantly introduced into a sugar
beet diffuser becomes distributed within the diffuser and between
the diffusion juice and the pulp. The effect of the partition
ratio, the number of cells, and the location of the add point on
the distribution has been discussed in conjunction with Figures

I, 2z and- 8

The mathematical expressions for the steady state presented
above apply quantitatively only if the assumptions made in their
derivation are known to be valid. Despite the fact that any
beneficial effect of an additive presumably results [rom some
chemical reaction, the assumption that there is no consumption
of additive in the diffuser may be essentially true. Its validity
can be ascertained either by direct measurement of the steady
state additive content in the juice and pulp or by separate ex-
periment. The design and method of operation of the diffuser
will normally indicate if the assumption with regard to the con-
stancy of the relative volume of juice and cossettes in the different
portions of the diffuser is satisfied. In the case of the model
battery, it was further assumed that the effective partition ratio
is the same for all cells. It was pointed out that this implied that
sufficient time was allowed between transfers for equilibrium
distribution to be reached in each cell. This condition is not
likely to be fulfilled in commercial practice with Roberts batteries,
but it may be fairly closely approached. A single effective parti-
tion ratio for all cells also implies the applicability of a single
distribution coeflicient ¢ for all parts of the diffuser. Distribu-
tion coefficients are in general dependent on the composition of
the phases involved, the temperature, and the concentrations of
the substance distributed. Whether the variations with respect
to these properties in various parts of the diffuser produce sig-
nificant variations in ¢ must be considered for each additive of
mterest.

Use of the model battery steady state expressions to estimate
the amount of additive in the diffusion juice, the pulp, or the
various cells requires a knowledge of the partition ratio d. This
is probably best determined directly under actual or simulated
operating conditions. Direct measurement is also the best check
on the constancy of d for different cells, particularly for cells
before and after the add point. Of course d can be estimated by
measuring any of the steady state quantities mentioned above if
the pertinent assumptions are known to hold. If practically all
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additive leaving the diffuser is associated with either the juice
or the cossettes, this in effect places respectively a lower or upper
limit on the effective partition ratios estimated [rom the additive
content of the diffusion juice or the pulp.

For model continuous diftusers, w;, u,, V;, V,, and a are pre-
sumably known. This leaves d, n, and m as unknown quantities
appearing in the steady state expressions presented above. How-
ever. since d = w,c/u,, it is a knowledge of ¢ which is required.
The distribution coefficient ¢ is best found from separate equi-
librium distribution measurements, but it can also be estimated
from the time required for maximum additive concentration to
leave the diffuser after a single shot has been introduced at a
known position in accordance with the relation already discussed.
There is apparently no simple way to estimate m and n inde-
pendently of the steady state expressions. By measuring | or P
and assuming that all theoretical cells have the same size on
both sides of the add point (m/n = p/A), one can then estimate
n and m from the appropriate steady state expression. These
values would be minimum estimates if the flow of additive [rom
the diffuser were essentially all from one end. If it is [easible
to determine steady state concentrations of additive at selected
points within the diffuser, the size of the theoretical cells can
be determined from such measurements. Another approach to
the problem is to determine m by steady state measurements when
additive is introduced into the battery supply water and deter-
mine (n-m) from similar measurements when additive is intro-
duced with the fresh cossettes. Further discussion of these methods
is given in the appendix.

If some additive from the pulp water is introduced with the
battery supply water in addition to its introduction at another
point in the diffuser, the steady state expressions applying are
simply the sum of the appropriate expressions for supplying ad-
ditive from each source separately.

Measurements have been made (5) on the lactic acid con-
tent of cell juices from Roberts batteries and continuous diffusers
in which various patterns of distribution of acid among the cells
were found. Although fermentation in more than one cell may
have been responsible for these observed patterns, it is also clear
that they could be approximated in model batteries such as dis-
cussed above with Jactic acid generation occurring in only one
cell.
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Appendix
Symbols used:
n = number of cells in the battery or number of equivalent theoretical cells
in a continuous countercurrent diffuser,

+ = integral subscript index running from 1 to n and designating the in-
dividual cells of a battery numbered serially with juice leaving the

battery at / = 1, pulp at i = n. For continuous countercurrent dif-
fusers i runs from 0 to n and designates the boundaries of the
theoretical cells with juice leaving at : = 0 and pulp at i = n.

m = serial number of the add cell. 4

L, S; = amounts of additive associated with the juice or the cossettes re-

spectively in the ith cell of a battery immediately prior to the next
transker under steady state conditions.

Ji» 5; = concentrations of additive in the juice or cossettes respectively at the
indicated theoretical cell boundary in a continuous countercurrent
diffuser at the steady state.

w;, 1, = rate of movement of the juice or cossettes respectively through a con-
tinuous diffuser in units of volume per unit time.

V,, V, = total continuous diffuser volume occupied by juice or cossettes
respectively.

a = quantity of additive introduced into add cell of a battery after each
transfer or amount per unit time of additive introduced continuously
in a continuous diffuser at the add point.
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¢ = distribution coefficient = equilibrinn value of

d o~ partition ratio. For batteries, & = L1./§, immediawly prior to the
next transfer under steady state conditions. For continuous diffusers,

J. P oo amount of additive leaving the battery with rhe juice or the pulp
respectively Tor cach transfer under steady state conditions; for con-
tinuous diffusers the concentration of additive in the diffusion juice
or pulp under steady state conditions.

A, = total amount of additive in the /h cell of a battery or the ith 1heo-
retical cell of a continuous diffuser at the steady statel

1 = total amown of additive in the diffuser under steady state conditions.
;
a4 "\ re
V,
x oo position in continuous counteranrent difuser with v = 0 bemg the
juice end, x = A the pulp end. and v = 4 the add poiot

The following sections supply further details in relerence o portions
of the text under the same headings.
Model Battery
Transler under steady state conditions must satisly the following -

terial balance equation for cach cell except the brst, fast, and fced cells:

L+ S, = L, + 8 (=2wm—Lm-+ ltwon-—1) (h
The lollowing equations similarly apply to the end cells:
5, 4] = L, ®
rP+L, =35 (3)
Since 8, = v 1, equations (1) and {2) an he vewritien to give
L, ey Ly L, {0 2w om--1) {hH
L, = (1) ] (55
Putting ¢ == 2 in cquation {4} and making use of equation {§), wo find
L= (o) ] ©)
Shpilarly putting i = 3 in equation {1} wnd making we of equations (5}
and (B). we find
L= (barprdgmy (7

Repeating this process we can find expressions lor L, for all values ol ¢
from 1 to m, viz.
L, o= (Tpreta?g oo il (8)
The sum in parentheses may be expressed compactly by making use of the
identity:
oo LT (H
) z

This then gives the cxpression

L, = (%) ] (=twom  (10)

Y

:
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Since §; = rL; and A; = L;
total amount of additive in the th cell:

8,

627

we have the following expression [or the

A, = (I+1’)( ’::]] )J - (‘:i"" ) l—d=) ] @(=1ltom) (1)

Corresponding results are similarly obtained for the last n—m cells of

the battery. Since L, =
Siy = (I+d) $;—dS;,

=0

dS;, equations (1) and (3) can be rewritten to give

(i =m 4 1ton=1) (12)
Sy = (1+d) P (13)
Proceeding as above, we find that
{n4-1—i—] s
Si = ((T) P (I = m to ?1) (L"l)
d41 4 :
and A, = 71 (dn+1-i—1) P (i = m ton) (15)
Since both equations (I11) and (15) are valid for the add cell, we can
cquate these two expressions for A :
141 d—
( ‘;ftl ) (]_.([—m) ]' — (d—-+_—ll———) (.-—l-'.n‘-l‘-lﬂ-m_[) P ([ﬁ)
Replacing J by a—P and solving for P, we find
dm—1]
dnd-1—¢lm
] = a-P = (____"—d"-i-l—l ) a (18)
The total amount ol additive in the battery is then
. n L. m—] n d+-1 .
=3 A= Jen + 3 (S5) P @-n (9
o= = I g = d—1
which can be written
Tosia m—1 111 n-+l—m
& :( = )J m— 3 1 +(”r ) P m-n—2+ 3 (20)
it =10

When these sums are expressed as in equation (9) and J and r are replaced

by a—P and 1/d respectively, equation (20) simplifies to

d4-1
T :( (:1 ) [ma — (n+1) P]

When d = 1, it is 1'n:'adi])r seen from L‘quatifm (8) that
A, = 2if (i = 1tom)
Similarly the expanded form ol equation (13) is seen to give

A, = 2(n+41=i) P

({ == i 1o n)

(21)

(22)

(23)
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To evaluate PP when ¢ = 1, both the numerator and denominator of equa-
tion (17) are divided by (d—1) and expressed as a summation using equation
(9. This yields lor d = 1
ma
P = : (24)
n+4-1

The total additive in the battery is then readily found to be

T = ma(n—m+41). (25)

Some Non-Model Batteries

Suppose the juice and cossettes are not cleanly separated at transfer
but the proportions ol juice accompanying the cossettes and vice versa are
cach the same for all transfers. Let L,/S; = d for clean separation and
L//S/ = D for this case. T[ the fraction of juice translerred with the
cossettes is f, and the fraction ol cossettes transferred with the juice is f..

L/ 1—f,) Li+f.8 1—f,) d+f,
e ) A betfiSe. _ Q-f)ddf;s (26)
bi' flI"i+ (]"‘f:) Si Lf’-{— (]_:rz)
Thus the net effect is to change the partition ratio from d to the value shown

for D. All expressions for the model battery apply when this value of the
partition ratio is used.

Suppose some of the contents of each cell are allowed to remain in the
cell at each transler but the material transferred in either direction and
the residue are always in the same proportion. Again let L;/S, = d for
clean separation and L//S" = D for this case. If the [ractions of juice and
cossettes allowed to remain as residue are f; and f, respectively,

5 oy Ly  (-fHL (-S4
S T (S T (1)

Again the net effect is to change the partition ratio from d to the value
shown for D. The expressions for P, J, L,, and §; for the model battery
still apply when the appropriate partition ratio is used. TIf 4 is the ratio of
the amount of additive left in a cell to the amount removed at each transfer,
it is clear that the model battery expressions for the amount of additive in
each cell and for the total amount of additive in the battery must be in-
creased by the factor (I4-¢). In terms of the symbols used here,
: B DA-1=D fi=fy
t e = o5 () ()

For the case where partition ratio D applies to the first m cells and
partition ratio d applies to the last m-n cells, equations (10), (11), (14).
and (15) apply where r = 1/D and d = d. When expressions for A ol

equations (11) and (15) are equated as in equation (16) and P and ]
are solved for as in Equations (17) and (18), the result is

(27)

(28)

a aX
1+x ad ] =797y
where X has the value given in the text.

P = (29)
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Continuous Countercurrent Dit{user

Under steads state conditions the rate at which additive enters cach
coll is balunced by the rare at which ic leaves,  This vields & set of material

/9

balice cquations similar w Bquations (1), (2. and (3), vir,

Syl s, u, = w, osu, {(f= Ltoom -2 mton 2) (3
ETIR N R T (35
T 4ty Prugooos (323

The sume procedure used in deriving the model batterv equations viclds

. ritlo ] . .
[P — 1. (t Ot 1) (333
p— . J 79
{drd-imty . . o
AN e a— . : bl
; =T I3 {t m to ny (34
The additive contents of the cosseties and juice leaving cach theoretical cell
arc related by ,_ v- o5, (0 = 1 to m). In particalar s, = j__ /¢, so that
cquations (33) and (34) can cach Do wsed 1o expross 5,0 When these two
expressions for g, arc cquated and the relation o 7w ] 5 1 P is wsed, the
resules are
a el a chib1
S Al S T . ‘ rux
P o~ o ST ) and J = w, . (35

‘The total amount of additive i the diffuser at the steady state is esti-
miated by Simpson’s rule {or the case where all theorcticad cells of the dilfuser
have the sume volume. For cach theoretical cell

V.,
\ — ; iy i oty : 46
K = 75, o i dd - gy ) : (36)
exeept lor the add cell where
v v,
Am = n (//23—1+}:rwx) 7‘_)’,3‘"' \"‘?a. ':“%"‘\N?;;}‘ (5?}
Fere [ is estimated {rom equation (33} with « = w. When the values
for j and s given by cquations (33) and (31} arc huoerted and the suma-
11
tion 10 ¥ A s carried out Inoa manner similar 1o that wseed in obtaining

ERE
cquation (213 the result is
g (i Dyt v (o (38)
) il

‘The corresponding relations when the partition ratio s wnity are found in
the same way ax Lor the model battery o be those given in the lext

Fvaluauon of the above expressions for j.o s, [ Poand T lor counter-
current continuous diffusers with partidon ratio ol wnity s carried out in
A rner similar ro that wsed for the model hattery with @ = 1. The results
are given in the text
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To verify that all theoretical cells on the same side of the add point
have the same volume, let us assume for the moment that this is true.
Then cquations (33) and (31) can be written

prple \ . .

T and s, = s 39

i, - J Ty (39

to express the concenwation of additive v the Juice aud cossettes at any
peint between x = 0 and x == pe Where v s expressed inounits ol
/1. Since these velagons satisly the differentinl materials balance relation

dy, s, . . .
" (._')’ = ( 74, the assumption of cqual theorctical cell volumes s
T ody s

validated for the portion of the diffuser to which the relations used for
i, and s, apply. In the same way the theorctical cells on the other side of
the add point are shown 1o cach have the same volume, hut this volume is
not necessarily rhe same on the two sides of the add point,

Time to Reach Steady State Conditions

The distribuvon of additive in cach cell of a maodel battery prior o
the next wransfer can be deseribed as fraction p i the juice and fraction
1

and ¢ == ~7 . Each transfer

¢ =7 1—p in the cosettes, where f =2 1_%-‘5

o
“Tad
tends o move fraction p oof the additive in cach cddl in one direction and
fraction ¢ in the other. For a single portion ol additive imroduced into
the add cell, the eoffecr of succeeding transiers will be to move additive
toward the juice end of the batery 'p'ti)'ncs as fast as the juice and toward
the pulp end ¢ times as fast as the cossettes. The net rate of movement of
the maximum additive concentration will be toward the juice end i p s
larger than ¢ at an average of pg cells per mansler. Thus to move the

. . . , \ d--1 3
maximum a distance of mocells requires m/(pg) == om §f 7 transfers.
-1
o - .. . n—mt) . -
Likewise i the partition ratio is less than unity, Uy = (-}

translers are required to move the maximum out of the pulp end of the
battery. in the continuous countercurrent  diffuser, equilibrium Jdistribu-
tion of additive between juice and cosscttes  corresponds  to iraciion

Vi dto - N oo
P in the juice and fraction ¢ = 1 fp = ——u in the
VitVe @i | a
- . L . .. Wy
cossctres. The linear velocities of the jumice and cosscries are v and
3 &

respectively. The net rate of movement of the maximum concentration of

additive duc to a single injection of additive is accordingly p TIL -t *\f

J ¢ . g
g - - . . e g ? " 3
Phe time necessary to travel Lo the juice end of the diftuser if p is greater
than ¢ is then
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{ = = aV (1 (0

Likewise Jf o iy less than unity, the tme required for the band o ravel o
the pulp end is

(p) V(1= 0)

u (1-d) S

Discussion

If imcasurcments of addidve concentration at thc.sut;uiy state can be
made at selected points within a model continuous diffuser, the equivalent
theoretival cell volumes can be found by use of equation (39 and the
sinntdar equation applving tor the other side of the add point. Suppose Jy
and g, i3 the measured steady stute concentration of additive in the Juice at

points x == y and v — z between & = O and x = 40 M = R, lrom
cquation (39}
. PO | o
7. FRIGE o B §
ftis assumed that v has been dewermined. The value of y satlslving equa-
tion (42 then gives the number of theoretical cells between v = 0 and
x ooy, and hence the volume of cach celll T0 ] = 4 ds used as ., only

one measurament is uneeded within the diffuser. A similar procedure 3s used
to determine theoretical cell volume lor the other side of the add point

Il additive is introduced with the supply water instead of at the normal
add point, y and z of cquation (42} may be wken as the two ends of the

. PR (ZTEES . . . e
diffuser. Then J/8 = '__]_.__E_, [rom which n, s found. The volume of

1
cach theoretical cell on the juice discharge side of the normal add point
is then the ol diffuser volume divided by n,. Similarly i additive s
introduced with the fresh cossettes instead of at the normal add point,

Pla o e T from which n, is found. Tha volume ol cach theoretical

cell on the pulp discharge side of the normal add point s then the ot
diffuser volume divided by n.



